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Abstract. We show how to make precise the vague idea that 
for compact metric spaces that are close together for Gromov- 
HausdorfT distance, suitable vector bundles on one metric space 
will have counterpart vector bundles on the other. Our approach 
employs the Lipschitz constants of projection- valued functions that 
determine vector bundles. We develop some computational tech- 
niques, and we illustrate our ideas with simple specific examples in- 
volving vector bundles on the circle, the two-torus, the two-sphere, 
and finite metric spaces. Our topic is motivated by statements con- 
cerning "monopole bundles" over matrix algebras in the literature 
of theoretical high-energy physics. 



Introduction 

The purpose of this paper is to make precise the vague idea that if 
two compact metric spaces are close together then there should be a 
relationship between the vector bundles on the two spaces. I was led to 
examine this idea by statements in the theoretical high-energy physics 
hterature [62l[2l[2ll[60l[3l[63l[Hl[2T] stating, for example, that for ma- 
trix algebras "close" to the two-sphere certain "vector bundles" for the 
matrix algebras are the "monopole bundles" corresponding to the ordi- 
nary monopole bundles over the two-sphere. I was able to make sense 
of the statement that matrix algebras are close to the two-sphere |1H] 
by introducing [3^ a definition of quantum metric spaces and showing 
how to view the matrix algebras as such, and then by defining a quan- 
tum Gromov-Hausdorff distance, which supplied a distance between 
the matrix algebras and the two-sphere. But I did not find in the 
literature any discussion for ordinary metric spaces of a relationship 
between vector bundles and ordinary Gromov-Hausdorff distance that 
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I could then adapt to the quantum setting. The purpose of this paper 
is to develop such a relationship for ordinary metric spaces. I believe I 
have also found a path to such a relationship for quantum spaces, but 
it appears to be substantially more complicated and indirect. (See [51], 
where I have laid more foundation for establishing that relationship, 
motivated by the results of the present paper.) Thus I feel that it is 
worthwhile to first explain separately this relationship just for ordinary 
metric spaces. That is the aim of the present paper. 

In order to see the issues involved, let us consider a relatively simple 
situation. Consider, for example, the two-sphere of radius 1 with 
its usual metric. For some small e > let F be a finite subset of S"^ 
which is e-dense in 5*^, that is, every point of 5*^ is within distance 
e of a point of F. (Matrix algebras are often considered to be the 
algebras of "functions" on quantum finite sets".) Put on F the metric 
from S*^. Any vector bundle over 5*^ restricts to a vector bundle over 
F. But all vector bundles over F are trivial. So, for example, the 
various inequivalent line bundles over 5*^ will restrict to equivalent line 
bundles over F. At the topological level there seems to be little more 
that one can say about this. It is hard to see how one can say that one 
line bundle over F corresponds to the monopole bundle on S*^, while a 
different one corresponds to the trivial line bundle on S'^. 

But vague intuition suggests that the restriction to F of a non-trivial 
line bundle over S"^ should somehow twist more rapidly than the restric- 
tion to F of a trivial bundle over S"^. We want to make this intuition 
precise. We need metrics in order to make sense of "more rapidly". 
To see how to use metrics, let us drop back to the simpler example 
of the circle and its simplest non-trivial vector bundle, the Mobius- 
strip bundle. If you imagine explaining to a friend what this bundle 
is, using only your hand, you will probably move your hand around 
in a circle, but twisting your hand as it moves. It makes sense to ask 
for the rate of twisting of your hand with respect to arc-length along 
the circle. To formulate this idea mathematically it seems necessary 
to view your hand as indicating a one-dimensional subspace twisting 
in the normal bundle to the circle within . This one-dimensional 
subspace can be specified by the orthogonal projection onto it. More 
generally, it is well-known that any vector bundle over a compact base 
space can be described up to equivalence (in many ways) by means 
of a continuous projection- valued function on the base space. Given 
a metric on the base space, we can consider the Lipschitz constant, 
L(p), of a projection- valued function p. We will see that this provides 
a quite effective measure of how rapidly the bundle determined by p 
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is twisting. In fact, I have not seen any better way to quantitatively 
discuss how rapidly a vector bundle twists. 

We will find that for a given compact base metric space and a given 
constant K the set of projection-valued functions of given rank and 
size can have several path components (even for a finite metric space). 
These components refiect different amounts and types of twisting. We 
will find that for examples such as an e-dense F G S"^ and a p defined 
on F, and for more general Gromov-Hausdorff contexts, the constant 
K can be chosen in terms of e so that connected components of the set 
of p's with L{p) < K can only come from corresponding projection- 
valued functions q on S'^ which give isomorphic vector bundles. That 
is, we have a uniqueness theorem (Theorems 14.51 and 14.71) in this con- 
text. We also have an existence theorem, which states in quantitative 
terms that ii eL{p) is small enough, then there will exist a correspond- 
ing projection- valued function q on the big space whose restriction is p, 
such that L{q) too is appropriately small. We also have (and need) ho- 
motopy versions of these theorems (Theorems 16.21 and 16. 5p . To give an 
indication of the nature of our results, we state the following imprecise 
version of Theorem 16. 5[ 

Theorem 0.1 (Imprecise version of Theorem 6.5). Let X and Y he 

compact metric spaces, and let p he a metric on their disjoint union that 
restricts to the given metrics on X and Y , and for which the Hausdorff 
distance hetween them is less than e. Let po and pi he functions on X 
whose values are projections in M„(R), so that they determine vector 
hundles on X . There are positive constants ri, r2, r^, depending on e 
and n, such that the following holds. Assume that there is a continuous 
path pt of projection-valued functions on X going from pq to pi such 
that Lx{pt) < for all t, where Lx denotes Lipschitz constant for 
the metric on X . Then there exist functions go <ind qi on Y whose 
values are projections in M„(R) such that L^ipj ®qj) < r2 for j = 0, 1. 
Furthermore, for any such go o^^*^ Qi there is a continuous path qt of 
projection-valued functions on Y going from go to gi such that Lyiqt) < 
for all t. In particular, the vector hundles determined hy go and gi 
are isomorphic. It is appropriate to view these vector hundles on Y as 
corresponding to the vector hundles determined hy po and pi. 

The precise version of Theorem 16.51 gives, among other things, for- 
mulas for ri, r2, r^. 

When the metric spaces are sufficiently "nice", standard facts in 
comparison geometry can be used to relate vector bundles on ones that 
are close together. For example, the contents of section 3 of |38j show 
that if p is a metric on the disjoint union XUY of compact spaces 
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such that X is e-close to F, and if Y is suitably locally geometrically 
{n — l)-connected where n is the covering dimension of X, then there 
is a map / from X to y such that p(x, f{x)) is suitably small for all 
X G X; furthermore any two such /'s are homotopic if X is an abso- 
lute neighborhood retract. Such an / can be used to pull back vector 
bundles from y to X. However, the techniques that we will use here 
do not require conditions of finite dimension, local connectivity, and 
ANR on the compact metric spaces that we consider. In particular, 
we very much want to permit Y to be finite, so not connected. (Full 
matrix algebras are viewed as the algebras of functions on nonexistent 
"quantum finite sets".) We also need to have good control of the Lip- 
schitz constants of projection-valued functions for the vector bundles, 
and it is not clear to me to what extent techniques such as those in [38] 
can be used to get quantitative estimates on Lipschitz constants that 
are as strong as those that we obtain. Perhaps a combination of the 
techniques could in favorable situations give stronger estimates than 
those obtained here. (It is interesting to recall that Vietoris first de- 
fined homology groups in the context of compact metric spaces, using 
the metric in an essential way. See [ID] and its references. His methods 
seem to be in the spirit of those used in the present paper, but I have 
not seen a specific relationship.) 

Let us mention some related ideas. If one looks back at the high- 
energy physics literature which discusses "vector bundles" on matrix 
algebras that converge to bundles on the two-sphere or other spaces (see 
references above), no definition of "convergence" is given, but what is 
noted is that the formulas for the Chern classes of the "vector bundles" 
on the matrix algebras appear to converge to the Chern classes of the 
limit bundle. However, given a convergent sequence of any kind, one 
can always change any one given term of the sequence without affecting 
the convergence of the sequence. Thus it does not seem possible to use 
this approach to justify asserting that a given "vector bundle" on a 
given matrix algebra is the monopole bundle. As another approach, if 
one has a sequence of ordinary compact metric spaces which converges 
to a given compact metric space, and if one has vector bundles over all 
of these spaces, one can try to put a compatible metric on the disjoint 
union of the metric spaces so that the sequence converges to the limit 
for Hausdorff distance, in such a way that one can combine the vector 
bundles to form a (continuous) vector bundle over this disjoint union. 
If one can do this, then one can say that the sequence of vector bundles 
converges to the bundle on the limit space. This approach is taken in 
[22l [23j . But again it does not seem possible to use this approach to 
justify saying that a given bundle on one given space of the sequence is 



VECTOR BUNDLES AND GROMOV-HAUSDORFF DISTANCE 5 



the bundle on that space which corresponds to the bundle on the limit 
space. 

The first two sections of this paper develop the basic properties of 
the Lipschitz seminorms that we will need, while the third section re- 
lates these seminorms to projections. Section H] contains our general 
uniqueness theorems for extending vector bundles, while the next two 
sections develop our existence theorems for extending vector bundles, 
and discuss their consequences. The next nine sections examine simple 
examples that illustrate our general theory. These examples involve 
vector bundles on the circle, the two-torus and the two-sphere (includ- 
ing monopole bundles), as well as on finite metric spaces. We develop 
techniques for actually finding projections corresponding to given vec- 
tor bundles, and for calculating the Lipschitz constants of these pro- 
jections. In Section [10] we indicate how Chern classes can be used to 
obtain lower bounds for the Lipschitz constants. Sections [H] and [15] 
discuss vector bundles on compact homogeneous spaces in preparation 
for discussing monopole bundles in Section [THl Our treatment is far 
from exhaustive, even for the simple spaces we consider. The pur- 
pose of the examples we discuss is only to provide "proof of concept" . 
There is much more to be explored (and we say nothing here about 
non-compact spaces). 

The audience I have had in mind when writing this paper consists 
of geometers and topologists. For their convenience I have selectively 
included discussion of certain known facts from analysis that we need, 
rather than just giving references to the literature. 

I developed an early part of the material reported here during a two- 
month visit at the Institut Mittag-LefHer and a one-month visit at the 
Institut des Hautes Etudes Scientifique in the Fall of 2003. I am very 
appreciative of the quite stimulating and enjoyable conditions provided 
by both institutes. 
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1. The setting 

Let {X,px) and (Y, py) be two compact metric spaces. Suppose 
that the Gromov-Hausdorff distance [20l |5l |55] between them is < e. 
Then, by definition, there exist a compact metric space {Z, p) and 
isometric inclusions of X and Y into Z such that, when X and Y are 
viewed as subsets of Z, their Hausdorff distance is < e. Our aim is to 
show that such an inclusion provides a correspondence between certain 
vector bundles over X and certain vector bundles over Y . Since we 
can always cut Z down to X U F, the issues essentially come down to 
relating vector bundles on X to those on Z. Thus most of our technical 
development will take place in the setting of a given compact metric 
space (Z, p) and a closed subset X of Z, with the metric on X being 
the restriction of p to X. To say that the Hausdorff distance from X 
to is < e is the same as saying that X is e-dense in Z, that is, every 
element of Z is within distance e of some point of X. We will usually 
use this terminology "e-dense" . 

We are interested in both real and complex vector bundles. But we 
will see that the bookkeeping for complex vector bundles is slightly 
more complicated than that for real vector bundles. For this reason 
our general theoretical discussion, here and later, will be phrased pri- 
marily for complex bundles, and we will usually only discuss real vector 
bundles in those places where it is not entirely clear how our discussion 
for complex vector bundles can be adapted to the case of real vector 
bundles. We will let C{X) denote the algebra of continuous complex- 
valued functions on a compact space X, and we will let Ck(X) denote 
the corresponding algebra of real-valued functions. We equip both al- 
gebras with the supremum norm. 

We can only expect to deal with vector bundles up to the usual 
bundle isomorphism. It is well known [H [6l [TTl [271 ESI [66] that, up 
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to isomorphism, every complex vector bundle on X corresponds (in 
many ways) to a continuous function, p, on X whose values are pro- 
jection operators. Specifically, p has values in an n x n-matrix algebra 
M„(C) for some n; for any x & X the fiber at x of the vector bundle 
corresponding to p will be the subspace Px{C"') of C". Each p^ is idem- 
potent {{pxY = Px), and we can, and will, require that px is self-adjoint 
{{px)* = Px)- (This corresponds to choosing a Hermitian metric on the 
vector bundle.) We can equally well view p as an element of the algebra 
Mn{A) where A = C{X). Then we simply have p^ = p = p*. If X is 
connected then the rank of p must be constant. In this case p can be 
viewed as having values in a Grassman manifold [21] , since one way to 
define a Grassman manifold is as the space of all projections of a given 
rank on a given vector space. 

How then will the metric control vector bundles on X? We will use p 
to define a corresponding Lipschitz seminorm, L = L^, on M„(y4), and 
then use L{p) for control. To define L we must first say that on M„(C) 
we use the usual operator norm obtained by viewing elements of M„(C) 
as operators on the inner-product space C". We then view Mn{A) as 
consisting of continuous functions on X with values in M„(C), and 
define the norm on M„(y4) by ||a|| = ||a||oo = sup{||a(a;) || : x G X}. In 
terms of the norm on M„(C) we define L = on M„(A) by 

LP{a) = sup{||a(a;) - a{y)\\/ p{x,y) : x,y e X, x ^ y} 

for a G Mn{A). We note that L can easily be discontinuous for the 
operator norm, and we can easily have L{a) = +00. Of course, viewing 
A as Mi{A), we have L defined on A, and then the definition of L given 
above becomes the traditional definition of the Lipschitz seminorm. Let 
A = {f & A : L{f) < 00}, the *-subalgebra of "Lipschitz functions". It 
is well-known [65] and easily seen that ^ is a dense *-subalgebra of A, 
where * refers to complex conjugation. It is also easily seen that for any 
a G Mn{A) we have L(a) < 00 if and only if each entry of the matrix a is 
in A, that is, a G Mn{A). Of course, Mn{A) is a dense *-subalgebra of 
Mn{A). Also, one should notice that for a G M„(y4) we have L(a) = 
if and only if a is a constant function with value in M„(C). (Thus 
L{a) = for more elements a than just the scalar multiples of the 
identity element of Mn{A).) We will see later (Proposition 13.11) that 
every vector bundle is given by a p in Mn{A), not just in M„(y4). 
Then L{p) < 00. We will control a vector bundle by the L{p)'s for the 
possible p's that represent it. In fact, we will see through examples why 
it is reasonable that projections p be the main focus of our attention. 

In the situation in which X <0 Z, let B = C{Z), and let it : B ^ A 
be the surjective homomorphism consisting of restricting functions on 
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Z to X. We will let vr also denote the corresponding *-homomorphism 
from Mn{B) onto Mn{A). We will let L denote also the Lipschitz 
seminorms on B and Mn{B), though we may write Lb (or for A) 
when this may be helpful. We let B denote the dense *-subalgebra of 
B consisting of the functions on Z for which L is finite. 

If g is a projection in Mn{B), then p = 7r(g) will be a projection in 
Mn{A), and the vector bundle associated to p is easily seen to be the re- 
striction to X of the bundle on Z associated with q. Thus an important 
part of our task will be to show that under suitable conditions in terms 
of L{p) and the Hausdorff distance between X and Z, we can prove 
that given a projection p G Mn{A) there exists a projection q G M„(i3) 
such that 7r(g) = p, and such that L{q) satisfies estimates that imply 
that q is unique up to homotopy. (We will see that Lipschitz-controlled 
homotopy is the appropriate equivalence in our setting.) We will also 
deal with the situation in which we have two projections pi and p2 in 
Mn{B) which are homotopic. (Homotopic projections give isomorphic 
vector bundles — see 1.7 and 4.2 of [0].) For all of this we first need to 
show that L has strong properties. 



2. Properties of the Lipschitz seminorm L 

For our present purposes it will be crucial that satisfies certain 
technical properties. 

Definition 2.1. Let L be a seminorm, possibly discontinuous and 
possibly taking value +oo, on a normed unital algebra A (for which 
^ Ikllll^ll l|l|| = 1)- We will say that L satisfies the Leibniz 
property (or "is Leibniz") if for every a,b & A we have 

L{ab) < L{a)\\b\\ + \\a\\L{b). 

If, in addition, whenever exists in A we have 

L(a-i) < L{a)\\a-'\\\ 

then we will say that L is strongly Leibniz. If A has an involution and 
if L{a*) = L{a) for all a G A, we say that a is a *-seminorm. 

We will say that L is lower-semicontinuous if for one r G M with r > 
(hence for every r > 0) the set {a G A : L{a) < r} is a norm-closed 
subset of A. We say that L is closed if for one r G M with r > (hence 
for every r > 0) the set {a G A : L{a) < r} is closed in the completion, 
A, of A. We will say that L is semi-finite if {a G A : L(a) < oo} is 
dense in A. 
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It is evident that if L is closed then it is lower-semicontinuous. Ev- 
ery lower-semicontinuous L extends to a closed seminorm (see propo- 
sition 4.4 of [15]). Let A = {a ^ A : L{a) < oo}. We can always define 
a new norm, || ■ on A by 

\\a\\L = \\a\\ + L(a). 

If L is closed, then A is complete for || • as can be seen by adapting 
the proof of proposition 1.6.2 of [65]. If L is Leibniz, then || ■ is a 
normed- algebra norm, i.e., \\ab\\L < IIc^IUII^IIl- Thus if L is both closed 
and Leibniz, then ^ is a Banach algebra for || ■ I do not know of 
an example of a finite Leibniz seminorm which is not strongly Leibniz. 
(See the comments after definition 1.2 of pT].) 

Proposition 2.2. For a compact metric space {X, p), let A = C{X) or 
Ck{X), and let L = on Mn{A) be defined as in the previous section. 
Then L on Mn{A) is a closed semi- finite strongly- Leibniz *-seminorm. 

Proof. That L is a *-seminorm is trivial to verify. The semi-finiteness 
was indicated in the previous section. That L on A is Leibniz is well- 
known and easily shown by the same device as is used to show that a 
first derivative has the related Leibniz property. For L on Mn{A) the 
proof is the same except that one must keep terms in the proper order, 
respecting the non-commutativity of Mn{A). 

That L is strongly Leibniz seems not so well-known, so we include 
the proof here. Let a G Mn{A) and assume that a is invertible. If 
L{a) = oo the desired inequality is trivially true. So assume that 
L(a) < oo. For x,y E X with x ^ y we have 

a{x)~^ — a{y)^^ = a{x)~^ {a{y) — a{x))a{y)~^ , 

so that 

\\a{x)-'-aiy)-'\\/p{x,y) < \\a-'f\\aix)-aiy)\\/pix,y) < \\a-'fL{a). 

Upon taking the supremum over x and y we obtain the desired inequal- 
ity. In particular, e Mn{A). 

Finally, for any fixed x and y with x ^ y clearly the function a i-^ 
\\a{x) — a{y)\\/ p{x,y) is norm- continuous. But L is the supremum of 
these continuous functions as x and y range over X. Thus L is lower- 
semicontinuous on Mn{A) (where L may take value +oo). Since M„(A) 
is complete for its norm, it follows that L is closed. □ 

There are some further properties of L and Mn{A) that will be es- 
sential to us in producing projections controlled by L. For any unital 
algebra A over C and any a E A, the spectrum, a{a), of a is defined by 

cr(a) = {\ E C : {\ — a)^^ does not exist in A} 
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(where we systematically write A instead of AIa)- We make the anal- 
ogous definition for algebras over M. Note that for strongly Leibniz 
seminorms the "strongly" part implies that for a G ^ its spectrum in 
A coincides with its spectrum in A. 

For / G C{X) its spectrum coincides with the range of /. Let A = 
C(X) and let a G Mn{A). Then exists in M„(A) exactly if a{x)^^ 
exists in M„(C) for all x. From this one sees that cr(a) = IJ^gx <^{ci{x))- 
Basic Banach- algebra arguments [SHI [M] show that a (a) is a closed 
bounded subset of C. 

Let / G A = C{X), and let (p he a holomorphic function defined on 
an open neighborhood of cr(/), that is, on the range of /. Then the 
composition o / is well-defined and in A. We write it as ^p{f)- But 
we also need to define v^(a) for a G Mn{A), where now we ask that ip 
be holomorphic in a neighborhood of a{a). It is not immediately clear 
how to do this, but a basic Banach-algebra technique (see 3.3 of [26] . 
or [5l]) does this by means of the Cauchy integral formula, and this 
technique is called the "holomorphic-function (or symbolic) calculus" . 
In the standard way used for ordinary Cauchy integrals, we let 7 be a 
collection of piecewise-smooth oriented closed curves in the domain of 
ip that surrounds cr(a) but does not meet cr{a), such that p on cr(a) is 
represented by its Cauchy integral using 7. Then z ^ {z — a)~^ will, on 
the range of 7, be a well-defined and continuous function with values 
in Mn{A). Thus we can define ip{a) by 



For a fixed neighborhood of a {a) the mapping p ^-^ V'(a) is a uni- 
tal homomorphism from the algebra of holomorphic functions on this 
neighborhood of a{a) into M„(y4) [26il5lj. 



Proposition 2.3. With notation as above, if a & Mn{A) then p{a) G 
Mn{A). In fact, 



where M^{a) = ma.x{\\{z — a) ^\\ : z E range(7)}. 

Proof. Because L is lower-semicontinuous, it can be brought within the 
integral defining pia), with the evident inequality. (Think of approxi- 
mating the integral by Riemann sums.) Because L is strongly Leibniz, 
this gives 
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On using the definition of M^(a) we obtain tlie desired inequality. □ 

Tlie commonly used terminology for the fact that if a G Mn{A) 
then (p{a) G Mn{A) is that "M„(^) is closed under the holomorphic- 
function calculus of Mn{A)" . See, e.g., section 3.8 of [18]. We remark 
that Schweitzer has shown [56] that if A is any unital C*-algebra and 
if ^ is a unital *-subalgebra which is closed under the holomorphic- 
function calculus of A, then Mn{A) is closed under the holomorphic- 
function calculus of M„(y4). Thus our Proposition 2.3 is a special case 
of Schweitzer's theorem, but it is good to see the above simple direct 
proof for our special case. 

The proof of the above proposition depends strongly on working over 
C. But we will to some extent be able to apply it when working over 
M, in the following way. (See also [T^O Notice that M„(Cir(X)) is a 
*-subring of M„(C(X)) which is closed under multiplication by scalars 
in R. We will accordingly speak of "real C*-subrings" , etc. For a real 
*-subring A of a C*-algebra B we will say that A is closed under the 
holomorphic-function calculus for B if for every a G A with a = a* 
(so that aB{ci) C M) and for every C- valued function holomorphic 
in a neighborhood of cr5(a) and taking real values on (7^(0) we have 
<f{a) G A, where ip{a) is initially defined as before to be an element of 
B. 

Proposition 2.4. Let {X, p) he a compact metric space, let A = Ck{X), 
let L and A he as just ahove for A, and let B = C{X). Then Mn{A) is 
closed under the holomorphic-function calculus for Mn{B), for every n. 
If a E Mn{A) with a = a* , and ifip is holomorphic in an open neighhor- 
hood of aB{a) and (^(^^(a)) C M, then the estimate of Proposition [^751 
for L{ip{a)) holds here also. 

Proof. Let a G Mn{A) with a = a*, and let ip he a C- valued function 
holomorphic in a neighborhood of asia) with ip{aB{a)) C M. The 
closed unital *-subalgebra over C generated by a in M„(C(X)) is 
naturally isomorphic to C{a{a)) by one version of the spectral theorem, 
i.e. the "continuous-function calculus" (see 1.2.4 of [2S], or page 8 of 
[12], or VI. 6. 3 of [13]), with a represented by the function a given 
by a(r) = r for r G a{a). (Here a{a) is the spectrum of a as an 
element of M„(C(X)).) Then for any continuous C- valued function 
ip on cr(a) we can form ip o a, and this will correspond to an element 
of Mn(C(X)), which we denote by ipia). If ^(o-(a)) C M, then by 
approximating ip on a (a) uniformly by polynomials over R it is clear 
that ip{a) G M„(C]r(X)). But if 6* is a polynomial over C, then one 
can check that 9 (a) obtained by substituting a into 9 coincides with 
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defining 9{a) via the holomorphic-function calculus, and that if 9 is 
over R then 9{a) G Mn{A) either way. From this one can check that 
^{a) defined via ipoa coincides with its definition via the holomorphic- 
function calculus, and ip{a) G M„(C]r(X)) since (^(cr(a)) C M. But 
from Proposition 12.31 we see that L{ip{a)) < cx) so that ip{a) G Mn{A). 
The inequality for L{ip{a)) then follows from Proposition 12. 3[ □ 

Most of the examples that we discuss later involve manifolds, and for 
manifolds it is useful to be able to apply calculus to our considerations. 
One tool relating calculus to our Lipschitz context, which we will find 
useful later, is given by the following proposition. 

Proposition 2.5. Let A he a unital Banach algebra and suppose that 
L is a lower-semicontinuous seminorm on A. Let a be a (strongly 
continuous) action of a Lie group G on A, and assume that this action 
is by isometrics for L, that is, L{ax{a)) = L[a) for all a E A and 
X E G. Let denote the algebra of smooth elements of A for the 
action a. (It is closed under the holomorphic-function calculus of A — 
see proposition 3.45 of fT8]y'. Then for any a E A and any e > there 
is a b E A°° such that \\b\\ < \\a\\, L{b) < L{a), and \\b — a\\ < e. 

Proof. We use the usual smoothing argument (see, e.g., section 0.2 of 
[61j). Let / G G^{G) and assume further that / > and f{x)dx = 
1 for left Haar measure on G. For a given a G A set 



Standard simple arguments show that b G A°°, that < ||a||, and 
that ||6 — a|| < e if / is supported sufficiently closely to the identity 
element of G. But by the lower semicontinuity of L we have 



To control a vector bundle we will use bounds on L{p) for projections 
representing the vector bundle, since we take L{p) as a measure of how 
rapidly a vector bundle twists. For this to work well we first need 
to know that we can always find representing projections p such that 
L{p) < oo. After showing this, we will establish a related fact for 



b 




Lib) 




□ 



3. Projections and Lipschitz seminorms 
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homotopies between projections. A well-known fact that is important 
for all we do here is that if two projections are homotopic then the 
corresponding vector bundles are isomorphic. See, for example, section 
6 of chapter 1 of [53], especially corollary 1.6.12. 

The fact that we can find p's with L{p) < oo is a special case of 
a general well-known [27] fact about any dense *-subalgebra closed 
under the holomorphic-function calculus in any unital C*-algebra (see, 
e.g., section 3.8 of [IB])- We sketch the proof here in several steps, 
both for the reader's convenience and because we will need similar 
arguments later. The normed *-algebras M„(C(Z)) are examples of C*- 
algebras, and whenever we write "C*-algebra" readers can just think 
of M„(C(Z)) if they prefer. 

Proposition 3.1. Let A be a unital C* -algebra, and let A be a dense 
*-subalgebra closed under the holomorphic-function calculus in A. Let 
p be a projection in A. Then for any 6 > there is a projection pi in 
A such that Hp — pi\\ < 5 . If 6 < 1 then pi is homotopic to p through 
projections in A. The same conclusions hold if A is a real C* -subring 
of a C* -algebra, as in the setting of Proposition \27l . 

Proof. For the first part we can assume that 5 < 1/2. Since A is 
dense in A and p = p* we can find a ^ A such that a* = a and 
Hp — a\\ < 6 < 1/2. We will use the next step several times again, so 
we state it as: 

Lemma 3.2. If p is a projection in A and if a & A with a = a* and 
\\p — a\\ < 6, then 

a{a) C [-6,6]U[1-6,1 + S]. 

Proof (e.g., lemma 2.2.3 of |52j) Note that a{p) C {0, 1}. Let A G M 
with A 7^ 0, 1 so that A — p is invertible. Then 

1 - (A-p)-i(A-a) = {X-p)-\a-p). 

Thus if II (A —p)^^{a — p)|| < 1 then (A — p)~^(A — a) is invertible (by 
Neumann series, i.e., geometric series, converging in A), and so A — a 
is left invertible. But 

\\{\-py\a - p)||<||(A-p)-i||||a - p\\ < \\{\ - p)-'\\S, 

and \\{X-py^\\ = max{|A|-\ |1-A|-^}. Thus if 5 < |A| and 5 < |1-A| 
then A — a is left invertible. A small variation of this argument shows 
that A — a is also right invertible. Thus A ^ a{a). This yields the 
desired result, since a (a) C M. □ 

We continue sketching the proof of Proposition 13. II Let x be defined 
on C by x{z) = if Re(;z) < 1/2, while x{z) = 1 if Re{z) > 1/2. Since 
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(5<1/2<1 — 5, we see from Lemma 13.21 that x is holomorphic in 
an open neighborhood of o"(a), and thus x(a-) is defined and is in A. 
Since (p ^ fia) is a homomorphism, pi = x(a) is a projection in A. 
By considering the continuous-function calculus [261 [I2l [IS] it is easily 
seen that — a\\ < 6, and so \\p — Pi\\ < 2S. Replacing S by 6/2 
everywhere above, we obtain the desired result. 

The proof that p and pi are homotopic is a simpler version of the 
proof of our next proposition, below. 

On looking at Proposition 12.41 and its proof one can see easily how to 
adapt the above discussion to treat a real C*-subring of a C*-algebra. 

□ 

When we apply Proposition 13. II to M„(C(X)) or M„(C]r(X)) we can 
interpret it as saying that every vector bundle over X has a Lipschitz 
structure with respect to p. 

Proposition 3.3. Let A and A be as in Proposition VJ . 1\ and let L he 
a lower-semicontinuous strongly- Leibniz *-seminorm on A. Let Pq and 
Pi be two projections in A. Suppose that \\pq — pi\\ < S < 1, so that 
there is a norm- continuous path, t ^ pt, of projections in A going from 
Po to pi [6l[52]. If Pq and Pi are in A then we can arrange that pt G A 
and that 

L{pt) < (l-(5)-imax{L(po),^(pi)} 
for every t. The same conclusions hold if A is a real C* -subring of a 
C*-algebra. 

Proof. We begin the proof in a standard way (e.g. proposition 2.2.4 
of [52]) by setting at = {I - t)po + tpi for t e [0, 1]. If < t < 1/2 
then \\at — Poll ^ ^/2, while if 1/2 < t < 1 then \\at —pi\\ < 5/2. From 
Lemma 13.21 and the evident facts that at is positive and ||at|| < 1, it 
follows that a{at) C [0,5/2] U [1 - 5/2, 1]. Much as in the proof of 
Proposition 13. 11 define x on C by setting = if Re(^) < (1 + 5)/4, 
and xi.^) = 1 if Re(2;) > (1 + 5)/4. Since 5 < 1 we see that x is 
holomorphic in an open neighborhood of (y{at) for each t. 

Instead of using the curve around [1 — 5/2, 1] that we used in our 
earlier versions of this paper, we use the family, {7s}, of curves used 
by Hanfeng Li in his proof of proposition 3.1 of [3S]. This gives sub- 
stantially improved estimates compared to those in our earlier ver- 
sions. For the reader's convenience we include the details from his 
proof here. For s > we let 7^ be the oriented curve that traces 
counter-clockwise at unit speed the boundary of the rectangle with 
vertices (1/2) — si, 1 + s — si, 1 -|- s -|- si, (1/2) -|- si. Notice that 
because of where we have chosen the line of discontinuity for the 
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curves 7^ lie in the domain where x is holomorphic. We would also 
usually choose a curve around [0, 5/2], but since x = near there, this 
is unnecessary. For any given t we now set 

Pt = x{at) = / X{z){z - aty^dz. 

This integral is independent of s for the usual reasons for holomorphic 
functions. Then as in the proof of Proposition 13.11 we see that pt is a 
projection, and that each pt is in A if po aiid pi are. It is not difficult 
to see then that t ^ pt'is a. continuous path from pq to pi. 

We now estimate L[pt). For the same reasons as given in the proof 
of Proposition 12.31 we have 

Let 7] be the segment of js given by 7^(r) = (1/2) + r — si for < r < 
(l/2) + s. For z on 7^, because at is self-adjoint, we have — at)^"*^!! < 
s~^. Thus 

r{l/2)+s 

d\z\ \\{z-at)-'f < / s-Ur = s-\{l/2) + s). 

Jo 

This same estimate applies to the segment 7^ of 7^ going from (1/2) + 
s + sz to (1/2) + S2. Notice that these estimates show that as s goes 
to +00 these integrals go to 0. Now let 7^ be the segment of 7^ given 
by 7^ (r) = 1 + s + ri for — s < r < s. For z on 7^ we again have the 
estimate ||(z — at)~^|| < s^^. Thus 

d\z\ \\{z - at)-^\\^ < r s-^ dr =2s~y 

J —s 

Notice again that this integral goes to as s goes to +00. Finally, let 
7^ be the segment of 7^ given by Jsir) = (1/2) — rz for —s < r < s. For 
z on 7f we have the estimate \\{z — at)"-^p < ((1/2) — 6/2^ + r^)~^ 
Thus 

iil/2)-5/2f + rY' dr 

-00 

= 7r((l/2)-(5/2)-i = 27r(l-5)-^ 

Taking the sum over the 4 segments and letting s go to +00, we obtain 

L{pt) < L{at){l - 6)-\ 

Since clearly L{at) < ma.x{L{pQ) , L{pi)} , we obtain the desired esti- 
mate. 
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It is easy to see how to adapt the above argument to the case of a 
real C*-subring of a C*-algebra. □ 

By using the same techniques, or by applying directly proposition 
3.1 of [35], we can obtain the following continuation of Proposition 12.51 

Proposition 3.4. Let A be a unital C*-algehra and let L he a closed 
strongly- Leibniz *-seminorm on A. Let A he its suhalgehra of Lipschitz 
elements. Let a be an action of a Lie group G on A by isometrics for 
L, and let A°° be the subalgebra of smooth elements for a. Then for 
any projection p in A and any 5 > there is a projection pi in A°° 
such that \\p — Pill < 5 and L{pi) < (1 — 26)~^L{p) . In particular, if 
6 < 1/2 then p and pi are homotopic through projections in A. The 
same conclusion holds if A is a real C* -subring of a C* -algebra. 

Proof. According to Proposition 12.51 given a projection p & A and a 
5 > we can find a 6 G A°^ such that ||6|| < \\p\\ = 1, L{b) < L{p), 
and \\p — b\\ < 6. In fact, examination of the proof of Proposition 12.51 
shows that we can also assume that b* = b, and even more that b > 0, 
since p > 0. Thus a{b) C [0,1]. Then from Lemma [3.21 we conclude 
that a{b) C [0,6] U [1 — 6,1]. We can assume that 6 < 1/2, so that 
these intervals are disjoint. Then from proposition 3.1 of [35] we obtain 
Hpi) < (1 - 26)-^L{p), as desired. □ 

This proposition is related to the main theorem of [3S], which answers 
a question that I asked in an earlier version of this paper. We state 
Li's theorem here, since we will use it later. 

Theorem 3.5. Let M be a closed connected compact Riemannian man- 
ifold, equipped with its usual metric from its Riemannian metric, and let 
A be a real C*-subring of a C*-algebra. For any projection p G C{M, A) 
and any e > there exists a projection q G C°°{M,A) such that 
\\p ^ iWoo < e dnd L{q) < L{p) + e 

4. The uniqueness of extended vector bundles 

Let {Z, p) be a compact metric space, and let X be a closed non- 
empty subset of Z. As before, we equip X with the restriction to it 
of p, and we let A = C{X) and B = C{Z). Let L = Lp he defined 
as earlier on A and B, and also on Mn{A) and Mn{B), and let A 
and B denote the dense subalgebras of Lipschitz functions. We let 
TT : Mn{B) Mn{A) denote the surjective *-homomorphism consisting 
of restricting functions from Z to X. It is easily seen that for b G Mn{B) 
we have L{7i{b)) < L{b), so that 7r(M„(i3)) C M„(^). We say that a 
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projection g G Mn{B) extends a projection p G Mn{A) if vr(g) = p. This 
corresponds exactly to extension for the corresponding vector bundles. 

As mentioned earlier, if two projections, qi and q2, in Mn{B) are ho- 
motopic through projections in Mn{B), then the corresponding vector 
bundles are isomorphic. Thus we seek conditions such that if p is a 
projection in Mn{A) and if go and qi are projections in Mn{B) such 
that vr(go) = p = 7r(gi), then go and gi are homotopic. Simple examples 
show that this need not hold without further conditions. As indicated 
in Section dl our results will depend on the Hausdorff distance between 
X and Z, and we will express this by supposing that X is £-dense in 
Z. 

Key Lemma 4.1. Suppose that X is e-dense in Z . Then for any 
b G Mn{B) we have 

\\h\\<hm+em- 

Proof. Let z & Z he given. Then there is an a; G X such that p{z, x) < 
e. Thus 

ll&(^)ll<ll&(^)ll + ll&(^)-&(^)ll<lk(&)||+^i.(6). 

□ 

When we use the word "path" in discussing homotopies we will al- 
most always mean a continuous function whose domain is the interval 
[0,1]. 

Theorem 4.2. Suppose that X is e-dense in Z . Let Pq and pi be 

projections in Mn{A), and let go and gi be projections in Mn{B) such 
that ni^qo) = po and 7r(gi) = pi. Set 

S= \\po-Pi\\+e{L{qo) + L{qi)). 

If S < 1, then there is a path, t ^— qt, through projections in Mn{B), 
from go to qi, such that 

i^(gO<(l-5)"'max{L(go),L(gi)} 

for all t G [0, 1]. The same conclusion holds if A = Cm(X), etc. 

Proof. From Key Lemma [4.11 we see that 

||go-gi|| < lk(go-gi)|| +£:L(go-gi) 

< Ibo -Pill +£:(L(go) + L(gi)) = 5. 

Assume now that 6 < 1. Then according to Proposition 13.31 applied 
to go and gi for A = B, there is a path t ^ qt from go to gi with the 
stated properties. □ 
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Under the conditions of the above theorem, t ^ T^iQi) will be a 
continuous path from Pq to pi through projections in Mn{A). Thus the 
vector bundles corresponding to po and pi will be isomorphic, as will 
their lifts corresponding to go and qi. 

Notice that the bound on L{qt) stated in the above theorem is in- 
dependent of n. This is in contrast to the existence results that we 
will obtain in Section [61 If po = Pi above then we can obtain some 
additional information: 

Proposition 4.3. Let p G Mn{A), and let Qq and qi be projections in 
Mn{B) such thatTT{qo) = p = n{qi). IfeL{qo) < 1/2 and eL{qi) < 1/2, 
then there is a path, t qt, through projections in Mn{B), from go to 
qi, such that 7i{qt) = P and 

L{qt) < (1 - 6)-^ max{L(go), L(gi)} 

for all t, where 5 = e{L{qo) + L(gi)). The same conclusion holds when 
A = Cu{X), etc. 

Proof. The proof follows the same lines as the proof of Theorem \4.2\ 
except that now we must show that vr(g() = p for all t. For this, much 
as in the proof of Proposition 13 .31 we set at = (1 —t)qo + tqi . It is clear 
that 7r(ai) = p for all t. From the proof of Proposition 13.31 we have 
qt = ^ J^{z — at)^^dz, and it follows easily that 7r(gf) = p for all t. □ 

We can combine the above results to obtain some information that 
does not depend on Pq and pi being close together: 

Corollary 4.4. Let po and pi be projections in Mn{A), and let go and 

gi be projections in Mn{B) such that Ti{qo) = po and 7r(gi) = pi. Let 
N be a constant such that L{qj) < N for j = 0, 1. Assume further that 
there is a path p from po to pi such that for each t there is a projection qt 
in Mn{B) such that T^{qt) = Pt o-nd L{qt) < N. Assume that 2eN < 1, 
and pick 6 such that 2eN < 5 < 1. Then there is a continuous path 
t ^ qt of projections in Mn{B) going from go to qi such that 

L{qt) < {l-6)-'N 

for each t. (But we may not have 7f{qt) = Pt for all t.) The same 
conclusion holds when A = Ck{X), etc. 

Proof. Pick a finite increasing sequence {tijjLo' ^f points in [0, 1] such 
that to = 0, tfc = 1, and \\pti+i ~ PtiW < ^ — SeiV for each i for < 
i < k — 1. For each such i pick a projection q'- in Mn{B) such that 
7i{q'j) = Pti and L^q'^ < N, with gg = go and g^ = gi. Then, according 
to Key Lemma [4. H for each such i we have 

||g:+i - g:i| < |bt.+, - Pt, II + e{L{q:^,) + L^^^,)) <5~2eN + 2eN = 6. 
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According to Theorem 14.21 for each i there is a continuous path of 
projections in Mn{B), going from q'^ to q'^^^, all of whose Lipschitz 
norms are no greater than (1 — 6)^^N. We can then concatenate these 
paths in the usual way to obtain the desired path t ^ qt. (Notice that 
the function t L{qt) need not be continuous, and we need not have 
T^{(lt)=Pt-) □ 

Let us now see what consequences the above uniqueness results have 
for metric spaces that are close together. In doing this it seems sim- 
plest to notice that in defining Gromov-Hausdorff distance between two 
compact metric spaces it is sufficient to consider their disjoint isomet- 
ric embeddings into other metric spaces. Since we can always then cut 
down to their union, it suffices to take Z = XUY, where this denotes 
the disjoint union. Thus it suffices to consider metrics p on XUY whose 
restrictions to X and Y are their given metrics px and py. We will 
write dist^(X, F) < e to signify that the Hausdorff distance between 
X and Y m Z = X(SY for p is less than e. 

From Z = XUY we have C{Z) = C{X) © C{Y) as *-Banach al- 
gebras. As before let A = C{X), B = C{Z), etc., and now also let 
D = C{Y), with subalgebra of Lipschitz elements V. A projection in 
Mn{B) will now be of the form p (B q where p and q are projections 
in Mn{A) and Mn{D) respectively. Roughly speaking, our idea is that 
p and q will correspond if L{p © q) is relatively small. Notice that 
which projections then correspond to each other will strongly depend 
on p. We will only consider that projections correspond (for a given 
p) if there is some uniqueness to the correspondence. The following 
immediate consequences of Proposition 14.31 and Theorem 14.21 give ap- 
propriate expression for this uniqueness. These consequences also hold 
when working over R. 

Theorem 4.5. Let A, D, etc., he as just above, with dist^(X, F) < e. 

a) Let p e Mn{A) and q G M„(P) be projections, and suppose 
that eL{p Q) q) < 1/2. If qi is any other projection in MniV) 
such that eL{p® qi) < 1/2 then there is a path t \^ qt through 
projections in M„(D), going from q to qi, such that 

L{p © qt) < (1 - max{L{p © q), L{p © qi)} 

for all t, where 6 = e{L{p Q) q) + L{p Q) qi)) . If instead there 
is a pi G Mn{A) such that eL{pi Q) q) < 1/2 then there is a 
corresponding path from p to pi with corresponding bound for 
L{pt®q)- 
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b) Let po and pi be projections in Mn{A) and let qo and qi be 
projections in M„(P). Set 

S = lbo-Pi|| + e{L{po ® qo) + L{pi ® qi)). 

If 6 < 1 then there are continuous paths t ^ pt and t ^ qt from 
Po to pi and go to qi, respectively, such that 

L{pt ® qt) < (1 - 5)-^ max{L(po © go), L{pi ® qi)} 
for all t. 

We remark that a more symmetric way of stating part b) above is 
to define 5 by 

5 = max{||po -Pill, ||go - gi||} + £^(^(Po © go),^(Pi © ^i))- 

Let us now examine the consequences of Corollary I4.4[ This is best 
phrased in terms of: 

Notation 4.6. For any n let Vn{X) denote the set of projections in 
Mn{A). For any r G IR+ let 

K{X) = {pe Vn{X) : La{p) < r}, 

and similarly for Y and Z. 

Now V1^{X) may have many path components. We will see exam- 
ples shortly. As suggested in the introduction, it may be appropriate 
to view these different path components as representing inequivalent 
vector bundles, notably if X is a finite set. Let 11 be one of these path 
components. Let $x denote the evident restriction map from Vn{Z) to 
Vn{X) (for Z = XUY). For a given s G M"*" with s > r it may be that 
^xi'Pni^)) l~l n is non-empty. This is an existence question, which we 
deal with in the next sections. But at this point, from Corollary 14.41 
we can conclude that: 

Theorem 4.7. Let notation be as above, with dist^(X, F) < e, and 
let r G with er < 1/2. Let U be a path component ofV^{X). Let 
s G M"*" with s > r and es < 1/2. Let pq, pi G 11 and suppose that 
there are go cind gi in V^(Y) with L{pj © qj) < s for j = 0, 1. Assume, 
even more, that there is a path p inU connecting po and pi that lies in 
^x{Vn{Z)). Then for any 5 with 2es < 5 < 1 there exist a path p in 
Vn{X) going from po to pi and a path q in VniX) going from go to gi 
such that L{pt®qt) < {l — 6)^^s for each t. The situation is symmetric 
between X and Y, so the roles of X and Y can be interchanged in the 
above statement. 
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Thus, in the situation described in the theorem, if 11 represents some 
particular class of bundles on X, such as "monopole" bundles on a 
sphere, then the projections q G V^{Y) paired with ones in 11 by the 
requirement that L{p ® q) < s will be homotopic, and in particu- 
lar will determine isomorphic bundles on Y . We emphasize that the 
above pairing of projections depends strongly on p, and not just on the 
Gromov-Hausdorff distance between X and Y . This reflects the fact 
that Gromov-Hausdorff distance is only a metric on isometry classes 
of compact metric spaces. 

Notice that the homotopies obtained above between go Qi need 
not lie in V^{Y). We can only conclude that they lie in where 
s' = {1 — 6)^^s. But at least we can say that s' approaches s as e, and 
so 6, goes to 0. 

In Theorem 16.41 and Corollary 16.71 we will deal with the existence of 
actual lifts of homotopies between po and pi. 

5. Extending Lipschitz functions 

To obtain the existence of extensions to Z of vector bundles on X 
in a manner controlled by the metric, we need to extend projection- 
valued functions on X to projection- valued functions on Z with control 
of the Lipschitz norm. We approach this by first extending projection- 
valued functions on X just to general functions on Z with values in 
M*(C), the space of self-adjoint matrices. We treat this problem in 
this section, and then in the next section we see how to modify the 
extended functions so as to be projection-valued. 

We must also treat here homotopy versions of this extension problem. 
For this purpose we let T denote a compact space which will be the 
parameter space for the homotopies, so that eventually T will be an 
interval in R. We will consider functions F on X x T, and for any 
t G T we let Ft denote the function x ^— F{x,t). When F has values 
in a Banach space we can then consider L{Ft) for each t, as defined 
earlier. For a discrete set F we let ^k'(F) denote the Banach space of 
all bounded real-valued functions on F with the supremum norm. The 
following proposition is a homotopy version of a well-known fact which 
appears as proposition 2.2 of [i9] . 

Proposition 5.1. Let {Z,p) be a compact metric space, and let X be a 
closed subset of Z . Let T be a set (discrete, and possibly uncountable). 
Let F be a continuous function from X x T to £j^(F). Suppose that 
there is a constant, N, such that L{Ft) < N for alltET. Then there 
is a continuous extension, G, of F to Z x T such that L{Gt) < N for 
allt, and ||G||oo = ||F||oo. 
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Proof. For each 7 G F and x G X define HH^ on Z x T by 

H^{z,t) = F{x,t){j)-Np{z,x). 

Note that H^{z, t) < ||-F||oo- Much as in the standard proof of the non- 
homotopy version (as in theorem 2.1 of [49]), define H : Z xT —>■ ^^(F) 
by 

H{z,t){^) = snp{H^iz,t) : X e X}. 

Clearly H is well-defined and H < ||-F||oo as functions. It is easily seen 
that for each 7 and t we have L{z 1—* H{z,t){'-f)) < N, and that H is 
an extension of F. It follows easily that L{Ht) < N for all t G T. 

Next, we must show that H is continuous on Z x T. Let {zo,to) G 
Z X T, and let £ > be given. Because F is continuous and Z x 
T is compact, a little compactness argument shows that there is a 
neighborhood. A/", of to such that for every x E X and t G A/" we have 
||F(x,t)-F(a;,to)||oo <£/2, and so \F{x,t){-f) - F{x,to){j)\ < e/2 for 
each 7 G F. Let B be the ball about zq of radius e/{2N) in Z. Then 
for any {z, t) E B x Af, any x E X, and any 7 G F we have 

\H^{z,t) - H^{zo,to)\ 

< \F{x,t){^) - F{x,to){i)\ + N\p{z,x) - p{zo,x)\ < e. 

A simple argument very similar to the proof of proposition 1.5.5 of [65] 
then shows that for any {z,t) E B x A/ and 7 G F we have 

\Hiz,t)i^)-Hizo,to)m<e. 

It follows that \\H{z,t) — H{zQ,tQ)\\ < e. Thus H is continuous. 

Finally, view — ||F||oo as a constant function on Z x T, and set G = 
H y (— ||F||oo), where V means "maximum". Then G has the desired 
properties. □ 

Now let be a finite-dimensional real Banach space (such as M^(C)). 
By definition, the projection constant, VC{y), of V is the smallest con- 
stant c such that whenever V is isometrically embedded into a Banach 
space W there is a projection P from W onto V such that ||P|| < c. 
(Such a smallest constant exists — see, e.g., proposition 1.4 of [19].) 

Proposition 5.2. Let {Z,p), X and T be as in Proposition 5.1, and 
let V he a finite- dimensional real Banach space. Let F he a continuous 
function from X x T into V for which there is a constant, N, such 
that L{Ft) < N for all t E T. Then there is a continuous extension, 
G, of F to Z xT such that L{Gt) < N{VC{V)) for all t E T and 

||G||oo< ||F||oo(PC(V)). 
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Proof. We can isometrically embed V into for some discrete set 

r. (For example, take F to be the unit ball of the dual space V with 
the discrete topology.) We can then view F as a function from X x T 
into £j^(F), and apply Proposition 15 . 1 1 to find a continuous extension G 
of Z X T into £^(F) such that L{Gt) < N for all t and \\G\\^ = \\F\\^. 
Let P be a projection from ^^(F) onto V such that ||P|| < VC(y). 
Then the function G = P o G has the desired properties. □ 

For a given Banach space V it is usually not easy to determine the 
precise value of VC{V). However, our projection- valued functions can 
be viewed to have values in the Banach space M^(C) of self-adjoint 
matrices, and in theorem 7.2 of [39] we find that 

(5.3) PC(M^,(C)) = 2n (^-^y ' - 1. 

It is also noticed there that when the right-hand side is written as 
ruj{n), then uj{n) converges to 2e~^ a.s n —>■ oo. In theorem 1.5 of 
[39] we also find that VC{V) = C£{V) where C£{V) is the Lipschitz 
extension constant of V, that is, the smallest constant c such that every 

valued function / on a subset X of a metric space Z can be extended 
to a function g on Z such that L{g) < cL{f). Thus in Proposition 15.21 
above the constant VC{V) is the smallest constant c for which we can 
always find a G for which L{G) < cL{F). (After [ISj was published 
I learned that the statement of theorem 1.5 of ^S] essentially already 
appears as proposition 5.1 of [3S]-) 

However, one can ask whether the constant in the inequality ||G||oo < 
||P||oo('PC(l^)) of Proposition 15.21 can be improved. In some cases, 
such as when is a Hilbert space, VCiV) can be replaced by 1 in 
this inequality. But I have not been able to determine whether this 
constant can be improved for the case of ^ = M^(C). However, in 
proposition 8.3 of [IH] it is shown by means of radial retractions that 
for any V this constant can be replaced by 1 if the Lipschitz inequality 
is weakened to L{q) < L{f){2VC(y)). This applies equally well to 
the homotopy situation we consider here. We will use this fact in the 
rest of our paper, since to have || ■ ||oo preserved under extensions will 
simplify our bookkeeping. If eventually situations are found where this 
has undesirable effects, the extra bookkeeping can be done easily. For 
the rest of this paper we will use: 

Notation 5.4. For each positive integer n we let A„ denote the smallest 
constant c such that, with notation as above, for any Z, X, T, and for 
any continuous F : X x T M^(C) for which there is a constant N 
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such that L{Ft) < N for all t, there is a continuous extension, G, of F 
to Z X T such that 

L{Gt) < XnN ioT all t and HGIU = ||F||oo. 

Thus if we let A* be given by the formula in (15.31) . then we have 

A* < A„ < 2A*. 

Suppose we are instead working over M. Given a function F : X x 
T — > M*(M), we can view it as taking values in M^(C), and then 
find an extension, G, of it to Z x T which satisfies the estimates of 
Notation 15.41 But the map which for each matrix in M^(C) replaces 
all of its entries by their real part is norm-decreasing and M-linear. Let 
G be the composition of this map with G. We thus obtain: 

Proposition 5.5. Let F be a continuous function from X xT to M*(M) 
for which there is a constant N such that L{Ft) < N for each t. Then 
there is a continuous extension, G : Z xT ^ M^(M), of F such that 
L{Gt) < XnN for each t, and UGHoo = ||-^||oo- 

One can probably replace A„ by a smaller constant by using the 
techniques of section 7 of [19] to compute PC(M*(M)). 

There is another aspect of extensions which might seem relevant, 
namely that one can define certain classes of compact metric spaces for 
which the constant for extending Lipschitz functions into any Banach 
space is smaller than for arbitrary compact metric spaces. For example, 
in [25] it is shown that there is a universal constant G such that if Z 
is a compact subset of some d- dimensional Banach space, with metric 
from the Banach space, then for every closed subset X of Z and for 
every Banach space V, every function / from X to V can be extended 
to a function g from Z to V such that L{q) < GdL{f). Notice that 
this inequality is independent of the dimension of V, unlike our results 
above. Even more, from part 5 of theorem 5.1 of [M] we see that if Z 
is in fact a compact subset of a rf-dimensional Hilbert space, then the 
above inequality can be improved to L(q) < G{d^^'^)L{f). See also [7J. 

But these results do not seem to be useful to us here for the fol- 
lowing reason. Ultimately we want to consider two compact metric 
spaces {X,px) and (F, py), and then, in order to use their Gromov- 
Hausdorff distance we must consider all isometric embeddings of them 
into compact metric spaces {Z,p). If we were to restrict X and Y to 
be subsets of a c?- dimensional Banach space, I see no reason why we 
could, for example, restrict {Z, pz) to also be (isometrically) a subset 
of a (i-dimensional Banach space. But this type of question would be 
interesting to explore. 
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6. Extending vector bundles 

We extend vector bundles in a controlled way by extending their 
projections. As before, let tt denote the restriction map from B = C{Z) 
onto A = C{X), and let p be a projection in Mn{A). In terms of 
Notation [531 we can find b e M^{B) such that 7r(6) = p, L{h) < KMp) 
and = = 1. (The fact that = 1 is one of the places where 
our definition of A„ simplifies the bookkeeping.) Suppose now that X 
is e-dense in Z. Then from Key Lemma [4.11 we see that 

< ||7r(6'-6)|| 

< lb' - P\\ + ei2\\h\\L{h) + L{h)) = e3L{b). 

Note the crucial use made here of the Leibniz property of L. Set 
6 = e3L{b), so that - 6|| < 5. Much as in Lemma [3.21 we have: 

Lemma 6.1. Let b be an element in a unital C* -algebra such that 
b* = b and Wb"^ - b\\ < 6. Then 

<y{b) C [-2(5, 25] U [1-2(5, 1 + 25]. 

Proof. Let A G The polynomial (x^ — x) — (A^ — A) has value 

at a; = A, and so factor as {x — A)p(x) for some polynomial p. On 
substituting b for x in this factorization, one sees easily that A^ — A G 
ct(62 - b). Thus |A2 - A| < (5, that is, |A||A - 1| < (5. If |A| > 1/2, then 
(1/2)|A-1| < |A||A-1| < (5, so that |A-1| < 25 and A G [1-25,1 + 25]. 
If |A| < 1/2 then |A-1| > 1/2, so that |A|(l/2) < |A||A-1| < 5. Thus 
|A| < 25 so that A G [-25, 25]. □ 

Suppose now that 5 < 1/4, so that the two intervals [—25,25] and 
[1 — 25, 1 + 25] are disjoint. Then we are in almost the same situation 
as in the proof of Proposition 13. 3[ but with slightly different conditions 
on the spectrum. We now present the result that we seek, but in the 
greater generality involving homotopies, much as in Notation 15. 4[ In 
particular, let A„ be as in Notation 15.41 let A = C{X), etc., and let T 
be a compact space which serves as a parameter space. 

Theorem 6.2. Let p : T ^ Mn{A) be a continuous function such 
that pt is a projection for each t. Assume that there is a constant, N, 
such that L{pt) < N for all t. Suppose that X is e-dense in Z . If 
eXnN < 1/12, then there exists a continuous function q : T ^ Mn{B) 
such that qt is a projection, Tciqt) = Pt, o^nd 

L{qt) < A„iV(l - l2e\nNY\ 

for each t E T. If, instead, A = Cm(X), etc., one has the same conclu- 
sions. 
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Proof. We can view p as a continuous function on X x T. Then ac- 
cording to the definition of A„ in Notation 15.41 we can find a continuous 
function G : T ^ Mn{B) such that for each t ^ T we have GJ" = Gt, 
7i{Gt) = Pt, \\Gt\\ = \\pt\\ = 1 and L{Gt) < XnHpt) < A„iV. From 
the discussion given before Lemma 16.11 we see that for any t & T we 
have II - Gt\\ < e3L{Gt) < e3\nN. Let 6 = eSXnN. Then according 
to Lemma [6.11 and the comment immediately after it, if 5 < 1/4 then 
cr{Gt) is contained in the union of the disjoint intervals [—25, 26] and 
[1 — 26,1 + 26]. So we now assume that 6 < 1/4. Much as in the 
proof of Proposition 13. 3[ let x be defined on C by setting xi^) = if 
Re(2;) < 6 + ^, and x{^) = 1 otherwise. For any nice curve 7 around 
[1 — 25, 1 + 26] that lies in the domain where x is holomorphic we now 



set, for each t G T, 



Qt 



GtY^dz. 



Then as in the proof of Proposition 13.11 we see that qt is a projection 
in Mn{B). From the facts that TT{Gt) = Pt and that pt is a projection 
it is easily verified that 7i{qt) = Pt- 

We need to estimate L{qt). Instead of using the curve that we used 
in earlier versions of this paper we can now directly apply proposition 
3.1 of [35] much as we did in the proof of Proposition 13.31 This gives 

Liqt) < L{Gt){l - A6y' < A„iV(l - 12£A„iV)-^ 

Finally, we must show that q is continuous in t. Given s,t G T we 
have, by a familiar maneuver (basically the "resolvant equation" [28]). 

qt-Qs = ^ [xiz)iiz-Gt)-'-{z-Gs)-')dz 
27rz 

= ^ [{z- Gt)-\{z - G,) -{z- Gt))iz - Gs)-'dz 
27rz 

:-Gtr\Gt-Gs){z-Gs)-'dz. 



1 

27n 



Thus 



\\qt-qs\\ < \\Gt-Gs\\^ [ Uz-Gt)-'mz-Gs)-'\\d\z\ < K\\Gt-Gs\\ 

for a suitable constant K obtained by the kind of estimates used above 
to bound L{qt). Since G is continuous, it follows that q is also. 

On looking at Proposition 12.41 and its proof it is easy to see how to 
adapt the above proof to the case in which A = G^{X), etc. □ 
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Corollary 6.3. Let p be a projection in Mn{A). Assume that X is 
e-dense in Z. If e\nL{p) < 1/12, then there exists a projection q G 
Mn{B) such that 7r(g) = p and 

L{q) < \^Lip){l-12e\nL{p))-\ 

We remark that the role of the Cauchy integrals used in this section 
can be viewed as follows: The set of elements b G M^{A) such that 
— 6|| < 1/4 is a neighborhood of the set of projections in M^{A), and 
the Cauchy integrals give a retraction from this neighborhood onto the 
set of projections in such a way that one keeps control of the Lipschitz 
constants. 

It would be interesting to know whether different techniques, perhaps 
not involving at all the Lipschitz extension properties of functions into 
M*(C) as used in Section [5|, but rather maybe working directly just 
with functions into the space of projections (or into a Grassman man- 
ifold if X is connected), for example by using in part the methods 
of [38], could yield extensions with smaller increase in the Lipschitz 
constants than is obtained in the above theorem and corollary. 

Notice that Corollary 16.31 gives a criterion for extending a vector 
bundle from X to Z which is quite independent of how complicated the 
topologies of X and Z are. All that is required is that there be a metric 
on Z and a projection p G M„(C(X)) representing the bundle such that 
X is e-dense in Z and eXnL{p) < 1/12. There is no requirement that 
any obstructions from algebraic topology vanish, or that spaces have 
finite dimension or be locally geometrically n-connected as seems to be 
needed in [38] . 

We now combine Theorem 16.21 with the uniqueness given by Propo- 
sition H^l to treat the case of a path from pq to pi for which we already 
have lifts of po and pi. 

Theorem 6.4. Let p : [0, 1] M„(A) be a path of projections, and let 
go and qi be projections in Mn{B) such that 7r(go) = Po and 7r(gi) = pi. 
Suppose that there is a constant, N, such that L{pt) < N for all t. Set 
N' = max{L{qo) , L{qi)} . Assume that X is e-dense in Z. If eXnN < 
1/14 and eN' < 1/2 then there exists a path, q, of projections from go 
to gi such that iT{qt) is in the range of the path p for each t (though 
TT{q) may have a different parametrization) and 

L{qt) < ((1/2) -£iV')-imax{7A„iV,iV'}. 

The same conclusion holds if A = Ck{X), etc. 
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Proof. From Theorem 16.21 we see that there is a path q of projections 
in Mn{B) such that vr(gi) = pt and 

Hqt) < XnN{l - UsXnN)-^ < A„iV(l - (6/7))-^ = 7A„iV 

for all t G [0, 1]. In particular, for all t 

eL{qt) < 7e\nN < 7/14 = 1/2. 

Since 7r(go) = Po = 7r(go) and eL{qo) < eN' < 1/2, we can apply 
Proposition 14.31 to obtain a path of projections, 1 1— > joining go to go 
and such that for each t we have vr(g[') = po and 

L(g°) < (l-£(L(go) + L(go)))"'max{L(go),L(go)} 

< (1 - EL{qo) - 1/2)-' max{L(go), 7A„iV} 

< ((1/2) - sN')-' max{A^', 7A„A^}. 

In the same way there is a path of projections, t q], connecting gi 
to gi with corresponding bound on L{ql). We concatenate the three 
paths g°, g and g^ to obtain a path, g, of projections connecting go to 
gi such that each 7i{qt) is in the range of the path p. 

Since ((1/2) -eN'^ > 1 and L{qt) < 7XnN, we see that the bound 
given above for -L(g°) and L{ql) is also a bound for L{qt), and thus for 
L{qt) for all t. □ 

Let us now see what consequences the above existence results have 
for metric spaces that are close together. As we did near the end of 
Section |H we let Z = XUY, with p on Z restricting to the given 
metrics on X and Y. We also let D = C{Y) as before, so that B = 
A(B D. We use the notation V^'{X), etc., introduced in Notation 14.61 
By using Corollary 16. 3l to satisfy the hypothesis concerning $x(^n(^)) 
in Theorem 14.71 we obtain: 

Theorem 6.5. Let r G be given. Let e be small enough that £:A„r < 
1/14. Set s = A„r(l - 12eA„r)-\ so that es < 1/2. Finally, assume 
that dist^(X, Y) < e. Let po and pi be projections in 'P^(X) which lie 
in the same path component ofV^iX). By Corollaru \6.3\ there exist go 
and gi G V^iY) such that L{pj (B qj) < s for j = 0, 1. For any such go 
and qi and for any 6 with 2es < 6 < 1 there exist a path p in Vn{X) 
going from Pq to pi and a path q in VniY) going from go to gi such that 

L{Pt © qt) < (1 - 

for all t. In particular, the vector bundles determined by go and gi are 
isomorphic. 
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The important comments made in the two paragraphs following The- 
orem 14.71 apply equally well to Theorem I6.5[ 

Suppose that we have a specific homotopy in P„(X) and we want a 
homotopy in Vn{Y) which corresponds to it, but we do not have specific 
endpoints in Vn{Y) that we require be joined by the homotopy. Then 
we can apply Theorem 16.21 to obtain: 

Theorem 6.6. Let r G be given. Let e be small enough that £:A„r < 
1/12. Assume that dist^(X,F) < e. Set s = A„r(l - 12£A„r)-^ 
Then for any path p in V^{X) there exists a path q in V^{Y) such that 
L{pt ® Qt) < s for every t. 

Suppose finally that we have a specific homotopy p in Vn{X) and 
specific go and qi in Vn{Y) which correspond to Pq and pi for p, and we 
want a corresponding homotopy in VniX) joining gg and qi. We can 
apply Theorem 16.41 to immediately obtain: 

Corollary 6.7. Let r G be given and let e be small enough that 
eXnT < 1/14. Letp be a path in V^{X). Let go and gi be projections in 
MniV), and set N = ma.x{L{po(Bqo), L{piQ)qi)} ■ Assume further that e 
is small enough that eN < 1/2. Finally, assume that dist^(X, "K) < e. 
Then there exists a path q of projections in Mn{T>) going from go to qi, 
and a reparametrization p of the path p, still with domain [0, 1], such 
that 

L{pt © qt) < ((1/2) - eNY^ max{7A„r, N} 

for all t. 

Of course, vector bundles can be represented by projections of dif- 
ferent sizes. In particular, if p G P„(X), then for m > n the projection 

p = ( Q ) 'Pm{X), for the O's of appropriate size, will represent 

the same bundle as p, and we will have L{p) = L{p). But because A„ 
grows with n, I have so far not seen anything really useful to say about 
how projections of different sizes should be related within our context 
of Gromov-Hausdorff distance. 

7. Projective modules and frames 

We now make some preparations for our discussion of specific exam- 
ples. Naturally-arising vector bundles are not often presented by means 
of projections, and there is usually no canonical choice of a projection 
for them. We recall in this section some elementary tools for obtaining 
projections corresponding to vector bundles. 

As before, we set A = C{X) for X a compact space. (With evident 
modifications, everything in this section works just as well for A = 
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Cm(X).) Most of the discussion in this section apphes without change 
to a general unital C*-algebra A, and so we will in some places write 
it in that generality, but the reader can take A to be C{X) with no 
disadvantage for reading the next sections. Let S be an A-module. 
We use right-module notation, both because it eases the bookkeeping 
somewhat, and also in view of the generalizations that we will consider 
elsewhere in which A is non-commutative, for which most writers use 
right modules. By an A-valued inner product on S (for example, a 
Riemannian or Hermitian metric on S according to whether we work 
over R on C) we mean [521 IBB] a sesquilinear form (-, ■)a on S with 
values in A such that for ^, G S and a G A we have 

1) {i^m)A = {^,v)Aa, 

2) {{C,,ti)a)* = {v^Oa (with * = complex conjugation), 

3) li Oa > 0, with = only if ^ = 0. 

For naturally-arising vector bundles there is often a natural choice of 
C(X)-valued inner product, even when there is no natural choice of 
projection. We will see this in the examples in the later sections. 

On A" as a right A-module we have the standard inner product 
defined by 

If H = pA"' for some projection p G Mn{A), then the restriction to H 
of the inner product on A^ will be an inner product on S. Thus every 
(finitely generated) projective A-module (that is, a summand of A^ for 
some n) has an inner product. If we set rjj = pej for each j, where {ej} 
is the "standard basis" for A^, then {rjj} is a "standard module frame" 
for S. We recall [T5l [36] the general definition, valid for modules 
over any unital C*-algebra (over C or R). 

Definition 7.1. Let A be a unital C*-algebra and let H be a right 
A-module. Let S be equipped with an A-valued inner-product, (■, ■)a- 
By a (finite) standard module frame for S (with respect to the inner- 
product) we mean a finite family {rjj} of elements of S such that for 
any ^ G S the reconstruction formula 

is valid. 

The relationships that we need between standard module frames and 
the projections corresponding to projective modules are given (see, for 
example, scattered places in [1I1[T11|15]) by: 

Proposition 7.2. Let E be a right module over a unital C* -algebra, A, 
and suppose that S is equipped with an A-valued inner-product. IfE has 



VECTOR BUNDLES AND GROMOV-HAUSDORFF DISTANCE 31 

a standard module frame, {?7j}j=i, then E is a projective A-module. In 
fact, S = pA^ isometrically, where p is the projection in Mn{A) defined 
by Pjk — {Vj^Vk)A- Furthermore, S is self- dual for its inner product, in 
the sense that for any (p G Hom^(S, A^) there is a (unique) e 5 
such that ip{^) = {C<p,Oa for all C, EE. 

Proof. Let {r]j}^=i be a standard module frame for 5. Define $ : S ^ 

yl" by 

Clearly $ is an A-module homomorphism. From the reconstruction 
formula in the definition of a standard module frame it is clear that $ 
is injective. Clearly p* — p. Furthermore 

iP%k = ^PijPjk = ^{Vi,Vj)A{Vj,Vk)A 
3 3 

= (^i, ^V3{Vj,Vk)A^^ = {Vi,Vk)A=Pik- 

Thus p^ — p, and so p is a projection. Now for every ^ e S we have 

= J2'^V3.Vk)Ai^Ok = J2'^V3:Vk)A{Vk,OA 

= {n3,^Vk{vk,0A)^ = {v3,0a = {H)3- 

Thus the range of p contains the range of On the other hand if v is 
an element of A" in the range of p, so that v — pv, then, since Vj & A, 

^3 = '^{Vj,Vk)AVk = (vj,'^VkVk)^- 

Thus if we set { = ^rj^Vk, then f = Hence p is exactly the 

projection onto the range of $. It follows that S is a projective module. 
We now show that $ is isometric. For EE we have 

Finally, we show that E is self-dual for its inner product. Let (/? G 
Hom^(S, Aa), where A a means that A is viewed as a right module over 
itself. Then for any ^ G H we have 

'^iO = ^ (Xl^J'^^J'^)^) =^^i'>l3){V3^0A = {^Vji^iVj))*,^)^- 

Thus Cf — ^ VjifiVj))* is the desired element of E representing (p. □ 
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Suppose that we have a projective module S that is already equipped 
with an ^4- valued inner product (•, •)a for which it is self-dual, and sup- 
pose that $ is an isomorphism from S to pA^ for some projection p. 
Let (■,-)'^ denote the pull-back to S of the restriction to pA" of the 
standard inner product on A". From the self-duality of the inner prod- 
ucts it is easily seen that there is an 5" e EndA(5) which is invertible 
and positive (for either inner product) such that 

for all ^,77 e S. Define : S ^ pA" by $'(0 = Then for 

^, 77 e S we have 

Thus for a given self-dual inner product on S, and for any projection 
p representing S we can assume that our isomorphism $ : S — > pA^ 
preserves the inner products (i.e., is "isometric"). Then on setting 
Tjj — ^~^{pej) for each j we obtain a standard module frame for S such 
that 

Pjk = {Vj,m)A 

for all j, k. We thus obtain: 

Proposition 7.3. Let E be a projective A-module equipped with a fixed 
A-valued inner product for which it is self-dual. Every projection p such 
that H = pA^ for some n is of the form 

Pjk = {Vj:Vk)A 

for some standard module frame {rjj} for S. 

Thus, in the presence of a metric p on X, to calculate L{p) for 
various projections p representing S it suffices to consider standard 
module frames and their corresponding projections. 

8. The Mobius strip 

In this section and the next we show that the simplest non-trivial 
vector bundle, the Mobius-strip bundle, already provides interesting 
examples that illustrate our general theory. This requires working over 
M. 

Let T denote the circle, viewed either as M/Z, or as / = [0, 1] with 
endpoints identified. Let A — C]r(T), which we will usually view as 
consisting of functions on R periodic of period 1. As before, we equip 
the free A-module A^ with its "standard" inner-product, defined by 

{v,w)A{r) = ^T;j(r)wj(r) 
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for v,w ^ A"'. We take as our metric p the metric coming from tlic 
absolute-value on M. Thus 

p(r, s) = min{|r — s — n\ : n G Z}. 

We let L denote the corresponding Lipschitz seminorm on A. 

Notation 8.1. The Mobius-strip A-module S consists of the M-valued 
continuous functions ^ on M which satisfy the condition that for any 
r e M 

e(r-l) = -^(r). 

The action of A on S is by pointwise multiplication of functions. We 
define an A- valued inner-product (Riemannian metric) on 5 by 

If S were a free 74-module then it would contain an element ^ such 

that {CO A is nowhere 0, which is easily seen not to happen. So we 
seek standard module frames for S. Suppose that is a standard 

module frame for S, and define a function m : M — > M" by u{r) — 
(%(^))i=i- ■'■t is easily seen that End^(S) can be identified with A itself 
(essentially because S comes from a line bundle). The reconstruction 
formula for {77^} then implies that ||M(r)|| = 1 for all r, where the norm 
here is the Euclidean norm on M". Because r]j e S for each j, we also 
have u{r — 1) = —u{r) for each r. It is easily seen that conversely, 
if It is a continuous function from R to such that ||ti(r)|| = 1 and 
u{r — 1) = —u{r) for each r, then the component functions of u form a 
standard module frame for S. For a standard module frame {rjj} and 
its u, the corresponding projection p has as entries Pjki'r) = Vj{''^)Vk{^) 
at r. Prom this we easily see that p{r) is just the rank-1 projection 
onto u{r), which we like to denote by {u{r),u{r))o. Briefly, p — {u, u)o- 
(Notice that p{r — 1) = p{r).) 

For now and later we need the undoubtedly well-known: 

Proposition 8.2. LetTi be a Hilbert space overW orC, and letv,w G 
H with \\v\\ = 1 = llwll, and with corresponding rank-1 projections 
{v,v)o and {w,w)o. Then 

\\{v,v)o - {w,w)o\\ = (1 - \{v,w)n\'^Y^^ < \\v - w\\. 

IfTi is over R, the middle term is equal to \ sin 6*1 where 9 is the angle 

between v and w. 

Proof. U w = av with a e C and |a| = 1 then the left-hand side is 0. If 
V and w are linearly independent, let {ei, 62} be an orthonormal basis 
for the subspace spanned by v and w, with ci = v. Let w — aci + be2 
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for scalars a and b, so that |ap + |6p = 1. Let T = {v,v)o — {w,w)o. 
Then the matrix for T for the basis {ci, 62} is 

1 — ad —ab\ _ f bb —ah 
—db —bb J y—db —bb 

Its trace is and its determinant is — Thus its norm is |6| 
il-\{v,w)H\Y^^ while 



\\y^w\\^ = \i-a\' + \b\' > \b\\ 

giving the desired inequahty. □ 

Because for our examples most of our spaces will be manifolds and 
we will use the letters X, Y for vector fields, we will at times denote 
our metric space by M. 

Corollary 8.3. Let {M,p) be a metric space and let Ti he a Hilbert 
space (overM orC). Letu be a function from M toTC with \\u{m)\\ = 1 
for all m G M . Define a function p by p{m) = {u{m),u{m))o for all 
me M. Then L{p) < L{u). 

Proof. For m,n e M we have from Proposition 18.21 — < 

||M(m) — Now divide by p{m,n). □ 

Since T is a manifold, it is helpful to use calculus. Because we have 
chosen a metric that is invariant under "rotation" of T, we can apply 
Proposition l2.5[ Specifically, we will apply that proposition to functions 
on M which are periodic of period two, and so to the components of a 
function m : M — ^ R" that satisfies = 1 and u{r — 1) = —u{r) 

for each r G M. We conclude that for any e > such a function 
can be approximated by a function h : W ^ R" which is infinitely 
differentiable, in such a way that \\u — h\\oo < £ and L{h) < L{u). 
Furthermore, the smoothing argument in the proof of Proposition 12.51 
can easily be seen to give h{r — 1) = —h{r). But we need to obtain 
a smooth unit-vector-valued function in order to obtain a projection. 
From the relation to u we see that > 1 — e for all r. Define g 

by g{r) = (1 - 2e)-^h{r). Then ||^(r)|| > 1 for all r, and L{g) < (1 - 
2e)-^L{u). Also, \\h-g\\ <2e{l-2e)-^\\h\\ < 2e(l + £)(l-2£)-i, with 
corresponding estimate for \\u — g\\. Finally, let v be the composition 
of g with the radial retraction from onto its unit ball. The radial 
retraction for a Hilbert space has Lipschitz constant 1, and is smooth 
at points strictly outside the unit ball. It follows that v is smooth, that 
L{v) < (1 — 2e)~^L{u), and that v can be as close to u as desired by 
making e small enough. Let q = {v,v)q. Then q is smooth, L{q) < 
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(1 — 2e)^^L{p), and q can be as close to p as desired. (Of course, we 
could have applied Theorem 13.51 here.) 

The above arguments can also be used for some other examples in- 
volving real line bundles over certain manifolds. We state the next 
step in somewhat general form in order to contrast the situation over 
M with the situations that we will meet shortly over C. The manifold 
in the statement of the following proposition will often be a manifold 
covering the one that we are dealing with, just as M/2Z covers M/Z in 
the discussion above. 

Proposition 8.4. Let M be a compact connected Riemannian mani- 
fold, with its usual ordinary metric, and let u he a smooth function from 
M to such that u ■ u = 1. Define the projection-valued function p 
on M by p{m) = {u{m),u{m))Q. Then 

Hp) = L{u). 

Proof. Let m E M and let X be a tangent vector at m. Let D de- 
note "total derivative" , so that Dx denotes differentiation at m in the 
direction of X. Then 

Dxp = {Dxu, u{m))o + {u{m), Dxu)q. 

Since u ■ u = 1 we have u{m) ■ {Dxu) = 0. We state the next step as a 
lemma for later reference. It is easy to prove by arguments similar to 
those used in the proof of Proposition 18.21 

Lemma 8.5. Let Ti be a Hilbert space, over M or C and let v,w E Ti. 
with \\v\\ = 1 and {v,w) = 0. Let 

T = {v,w)o + {w,v)o. 

Then \\T\\ = \\w\\. 

On applying this lemma we see that = Since 

\\iDp){m)\\ = snp{\\Dxp\\ : \\X\\ < 1} 

and similarly for ||(DM)(m)||, we see that they are equal. Consequently 
||-Dp||oo = ||-Dm||oo- But standard arguments (see the discussion early in 
Section [TT] after Corollary ll4.2l) show that L{p) = \\Dp\\oo and similarly 
for L{u). □ 

We remark that Proposition 18.41 is false for functions from M to 
because the phase of u can vary while leaving p fixed. 

Actually, Proposition 18.41 is true for path-length metric spaces. We 
show this in Appendix A. 

We now return to the Mobius-strip bundle, and apply to it the ob- 
servations made above. The consequence of the observations is that. 
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for our present purposes, it suffices to work with smooth -u's and pro- 
jections. So let u be, as earher, a smooth function from M to M" with 
u ■ u = 1 and u{r + 1) = —u{r). As r goes from to 1 the vector 
u{r) traces a curve on the unit sphere of M" from m(0) to its antipodal 
point — m(0). The length of this curve is \\u'{r-)\\dr. But the shortest 
path from m(0) to — m(0) will be along one of the great-circle geodesies, 
and it will have length vr. Since = ||M'(r)|| by Lemma |8.5[ it 

follows that ||p'(r) II (ir > tt. By the mean- value theorem there must 
be at least one point, Tq, where ||p'(ro)|| > vr. Thus L(p) > vr. By 
the approximations discussed above, it follows that for any projection 
p e Mn{A) such that S = pA^ we have L{p) > tt. Also, we can achieve 
L{p) = 71 by choosing u such that u{r) moves along a great circle at 
speed TT. 

When we want to use Theorem 16. 2[ we see that it is best to keep the 
size of our matrices as small as possible. The simplest choice is then 
u{r) = (cos(7rr), sin(7rr)). The components of this u form a standard 
module frame for S. We summarize what we have found by: 

Proposition 8.6. For any p G M„(A) which represents the Mohius- 
strip bundle we have L{p) > tt. For any n > 2 we can find such a p 
with L{p) = TT. 

We remark that for any positive integer k the space of M-valued 
continuous functions ^ which satisfy 

-k) = -e(r) 

is an A-module for pointwise multiplication, and it is an entertaining 
and instructive exercise to show that these modules are projective, to 
determine which are free, to find standard module frames, etc. In fact, 
the same is true for the modules consisting of functions satisfying 

^{r-k) = +^(r). 

We now want to illustrate another aspect of our theory by examining 
briefly what happens when one changes the metric on the circle. Our 
discussion will be at the qualitative level, but with more effort it could 
be made quantitative. 

Consider a smooth embedding of M = T into with its Euclidean 
metric, and assume that the image is approximately two far-away dis- 
joint round circles connected by a very narrow "tube". Give M the 
metric coming from restricting the ordinary Euclidean metric from 
to this embedding. Let po G M2(C(M)) be the projection for a 
Mobius-strip bundle such that po is a constant function on one of the 
almost-circles and the tube, so that the twist takes place over the other 
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almost-circle. Let pi G M2{C{M)) be the projection for a Mobius-strip 
bundle such that pi is a constant function on the tube and on the 
almost-circle where po has its twist. Then one can show that for a 
suitable constant, c, depending on the specific choice of embedding 
(especially the narrowness of the tube), po and pi can have been cho- 
sen to have L{pj) < c for j = 0, 1 but there is no homotopy {pt} of 
projections from po to pi such that L{pt) < c for all t. Thus the set 
of projections p G M2{C{M)) which represent the Mobius-strip bun- 
dle and have L{p) < c has more than one path-component, and from 
our metric point of view the different path components can be viewed 
as representing genuinely different vector bundles over M. Indeed, M 
with its given metric can be made very close, for Hausdorff distance 
in M^, to the disjoint union of two circles (as seen by cutting the very 
narrow tube), and po and pi then correspond to vector bundles on the 
disjoint union which are a Mobius-strip bundle on one circle and a 
trivial bundle on the other, but in different ways. One can make many 
variations of the above example, involving embedding M as a greater 
number of almost-circles connected by narrow tubes. 

One might object that the metrics involved in these examples are 
not path-length metrics. But one can use the same idea to smoothly 
embed a 2-sphere into as a collection of far away disjoint round 
almost-spheres connected by narrow tubes. Then instead of putting on 
M the restriction of the ordinary Euclidean metric on M^, one equips 
M with the Riemannian metric from the embedding, and then the or- 
dinary metric from the Riemannian metric. This is a path-length met- 
ric. Finally, one can consider projections corresponding to putting on 
the various almost-spheres line bundles which on corresponding actual 
spheres would have various Chern classes (as discussed in Section [T5|l . 

9. Approximate Mobius-strip bundles 

We now use the Mobius-strip bundle to further illustrate our earlier 
considerations, in a quantitative way. The circle T will now play the 
role of the larger metric space Z of our earlier discussion, and so we 
denote the circle T by Z for the rest of this section. Let m be a large 
positive integer, and let X = {j/m : < j < m — 1} ~ Z(l/m)/Z 
where the j's are integers. We view X as a subset of Z, and equip X 
with the metric from Z. We now let qi denote the specific projection 
p determined as in the previous section in terms of the standard frame 
(cos(7rr), sin(7rr)). Then we let pi denote the restriction of qi to X. 
Let us determine L{pi). If v and w are two unit-length vectors such 
that the angle between them is 6, then it follows from Proposition 18.21 
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that the norm-distance between the projections along these vectors is 
I sin 9 1 . Thus for < j,k < m we have 

lbi(j/m) -~pi{k/m)\\ = sin(7r|j - k\/m), 

and from this it is not hard to see that 

sin(7r/m) sin(7r/m) 
[l/mj (vr/m) 

Notice that this approaches vr as m goes to +oo, consistent with the 
fact that L{qi) = vr as seen in the previous section. 

Since X is finite, every vector bundle over X is specified (up to 
isomorphism) just by giving the dimension of the fiber vector-space 
over each point. Our projection pi represents the real vector bundle 
whose fiber at each point has dimension 1. But this vector bundle is 

equally well represented by the projection po defined by po{t) ^ ^ 





for each t G X. Note that L{po) = 0. Let go denote the projection for Z 
defined by qo{r) = (\ [| ) for all r G so that po is the restriction of 



^0 0^ 

go to X. Then go represents the rank-1 trivial vector bundle over Z, and 
this bundle is not isomorphic to the Mobius-strip bundle determined 
by gi. 

The reason that this situation is possible, from our metric point- 
of-view, is that there is no path, p, of projections from po to pi such 
that L{pt) is sufficiently small for all t. This can be seen directly, by 
examining what such a path must do at various neighboring points 
of X. But let us instead apply the general considerations given in 
Theorem 16.41 (We will not expect this to give as sharp an estimate 
as a direct argument would give.) Set e = (2m) and note that X is 
e-dense in Z for this e. Let p be a path of projections from po to pi, and 
let be a constant such that L{pt) < N for all t. Note that eL{qo) = 0, 
while eL{qi) = 7r/2m < 1/2 as soon as m > 4. Now M|(M) is a 3- 
dimensional vector space, and from theorem 1.1a of [29] we find that 
the projection constant of any 3-dimensional real Banach space is no 
greater than 3. (The techniques of section 7 of [3^ can be used to obtain 
the precise value of 'PC(M|(R)).) We will apply Theorem 16.41 but by 
the observation just made we can replace A3 there with 6. Suppose now 
that m > 42A^ so that e6N < 1/14. We conclude from Theorem 16.41 
that there exists a continuous path of projections from go to gi. But we 
know that this is not possible since go and gi determine non-isomorphic 
y4-modules. Consequently we must have > m/42. Now L{pi) < it 
while L{pq) = 0. Thus if m > 4 ■ 42 so that > 4 > vr, we see that 
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the collection of projections in M2{A) which can be connected to pi by 
paths p of projections for which L{pt) < 4 for all t, does not include 
Pq. Consequently the projections in this collection can be viewed from 
our metric point of view as giving approximate Mobius-strip bundles 
on our finite set X, which are not equivalent in our metric sense to the 
trivial bundle of rank 1 on X. 

Of course, similar considerations apply to other closed subsets of 
Z which are e-dense, and to other compact metric spaces Y whose 
Gromov-Hausdorff distance from Z is less than e and for which a cor- 
responding metric on ZUY has been chosen. 

10. Lower bounds for L{p) from Chern classes 

In this section we will indicate how Chern classes can sometimes be 
used to obtain a lower bound on L{p) for projections representing a 
given vector bundle. In Section [T2] we will illustrate this approach by 
considering vector bundles on a two-torus. Our discussion here is brief, 
and there is much more to be explored in this direction. 

For our purposes, and in particular for the two-torus, it is simplest to 
work in the framework of Connes' 1980 paper [10], which initiated the 
subject of non-commutative differential geometry, and which uses the 
Chern- Weil approach to Chern classes. We briefly sketch the setting. 
We have a unital C*-algebra A, together with an action a of a connected 
Lie group G by automorphisms of A. (For our present purposes it 
will be quite sufficient for the reader to have in mind just the case in 
which A = C{G/H) where H is some cocompact closed subgroup of 
G, with a the evident action [50].) We let A°° denote the dense *- 
subalgebra of smooth elements of A with respect to a. Then a lifts to 
a homomorphism of the Lie algebra, g, of G (and its complexification) 
into the Lie algebra DeT{A°°) of derivations of A°° into itself. We denote 
this homomorphism again by a. We must also have a tracial state, r, 
on A which is invariant for the action a. For the case A = G{G/H) 
this will just be a G-invariant probability measure on G/H (unique if 
it exists). 

Let S be the smooth version of a projective A-module, that is, S is 
a projective A°°-module. On S there always exists a connection (i.e., 
covariant derivative), that is, a linear map V : ^ Lin(S) which 
satisfies the Leibniz property 

Vx(e«) = (Vx(0)« + e(ax(a)) 

for X E Q. The curvature of V is the alternating 2-form G on g defined 
by 

e(X, Y) = VxVy - VyVx - V[x,r]. 
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One finds that it has values in EndAoo(S). Denote Endyioo(S) by E. 

Let denote the complexified exterior algebra over the dual 

vector space, g', of g. Then Q* = E ^ Aid') ^ natural way the 

structure of a differential graded algebra, and we can view G as an 
element of Q^. Thus G A • • ■ A G (fc-times) can be viewed as an element 
of Q"^^, by using the product in E. The tracial state t on A induces in 
a natural way an unnormalized trace on E, which we denote by te- It 
is characterized [H] by the property that 

for ,^,?7 G S, where {^,i])e is the element (a "rank-one" operator) of 
E defined by {^,r])EC = ^{v,Oa- Then te{Q A ■ ■ ■ A G), defined in 
the evident way, is an element of A^^lfl')- The main theorem |TU] is 
that this element is a closed form, and that its cohomology class, chk, 
depends only on S. (There are various choices of normalizing constants 
that are used here. We choose to use the constant 1.) If we pair ch^ 
with a 2fc-homology class, we obtain a number. This number may be 
related to L{p) when p represents S, but it is independent of the choice 
of such (smooth) p. 

Suppose now that we have a specific projection p G Mn(A°°) such 
that S = p(A°°)". On (^4°°)" we have the evident fiat connection V° 
given by V^((aj)) = {ax{(ij))- Then there is a canonically associated 
connection, V, on S, defined by Vx(0 = 1^ is often called the 

Grassmann (or Levi-Civita) connection for p. It is natural to use the 
Grassmann connection in the setting sketched above. The curvature of 
the Grassmann connection is given [lO] by 

'S>iX, Y) = p{axip)aYip) - ay(p)ax(p))p, 

where here a denotes the evident action of G on M„(A). Clearly 
E = Endyioo(S) = pMn{A°°)p. Then te is the restriction to E of 
the canonical unnormalized trace r on M„(A) coming from r on A. In 
particular \\te\\ = ^{p). (We remark that t{p) is the 0-th Chern class 
of S.) If we define u by 

uj{X,Y) = TE{p{ax{p)aY{p) - aY{p)ax{p))), 

then is a cocycle whose cohomology class, c/ii, is independent of p 
representing S. If we then pair uj with a cycle in g, then we obtain 
a number which is independent of p. Now for any X A F G /\^ g we 
have d{X A F) = [X, ¥]. (See equation 3.1 of [30|.) Thus X A F is a 
cycle exactly if [X, F] = 0. Consequently, if [X, F] = then 

cxy(S) = TE{p{ax{p)aY{p) - aY{p)ax{p))) 
is a number independent of p representing S. 
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Suppose now that we have a norm, u, on g, and that we define a 
seminoma, L, on each M„(A) by 

L(a) =sup{||ax(a)|| : u{X) < 1}, 

for a extended to M„(y4). (See the next section.) Then we find that 

Icxvm < \\te\\2L{p)^u{XMY). 

Since ||r£;|| = r(p), we obtain a lower bound for L{p). But by Theorem 
13.51 due to Hanfeng Li, this same lower bound applies to any projection 
representing S. Thus we obtain: 

Theorem 10.1. For every p representing S we have 
{L{p)f > (2r(p))-isup{|cxy(H)| : [X,Y] = 0,u{X) < l,u{Y) < 1}. 

To the extent that we have in hand cycles in /\^ q, we can also pair 
them with r(6 A G) to obtain other lower-bounds for L{p), and simi- 
larly for higher dimensions. More generally, for any ordinary compact 
Riemannian manifold, to the extent that one has in hand specific even 
homology classes, one can pair them with corresponding Chern classes 
of a given vector bundle S to try to obtain lower bounds on L{p) for 
smooth p's representing S. But consideration of fiat bundles which are 
not trivial shows that lower bounds from Chern classes may well not 
be optimal bounds. 

A possible related way of measuring the twisting of S would be just 
by the size of the curvature 6 of various of its connections, where by 
the size of we mean sup{||6(X, : i/(X),z/(y) < 1} for a norm 
u on Q as above. This measure of size is what is used in working 
with "almost fiat bundles". See section 3 of [2H] and the references it 
contains. It would be interesting to investigate what could be done in 
this direction. But again, there are non-trivial fiat bundles, that have 
connections whose size measured this way is 0. 

11. Vector bundles on the two-torus 

We illustrate the considerations of the previous section by examining 
the two torus. One of our aims is to show that it can be feasible to find 
projections p with close-to-minimal L{p). We will let G = = (M/Z)^ 
and A = C(T^), with the evident action a of G on A by translation. 
On g = we place the standard inner product and corresponding 
norm. This gives the standard fiat Riemannian metric on T^, which in 
turn gives the usual ordinary metric on given by 

d{{r, s), {t, u)) = min{((r — t — rnf + (s — m — nfY^'^ : m,n & Z}, 
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where our notation on the left omits . For a G A°° the Lipschitz 
constant, L[d)^ of a can be conveniently calculated as 

L(a) = sup{||ax(a)||oo : ^ e g, ||X|| < 1}, 

and similarly for a G M„(A°°). See the proof of theorem 3.1 of [44j and 
lemma 3.1 of [16]. 

The projective modules corresponding to the complex line bundles 
over can all be realized [l2l [37] in the form 

Sfc = G C(T X M, C) : e(r, s + 1) = e(A;r)e(r, s)}, 

where A; G Z and e(t) = e^'^**. The action of elements of A is by 
pointwise multiplication. 

We need to find projections for these modules. For this purpose it 
is clearer to work at first in somewhat greater generality. Let i? be a 
unital C*-algebra, and let 

A = T5 = {a G B) : a{s + 1) = a(s)} . 

Our application will be to the case in which B = C(T) so that A = 
C(T^). We use a variation of the familiar clutching construction to 
construct projective A-modules, along the lines used in the proof of 
theorem 8.4 of [13]. Let be a unitary element of B. (In our applica- 
tion w will be the function e{kr).) Set 

E^ = {^eC{R,B):as + l)=was)} ■ 

Each is a right A-module for pointwise multiplication, and has a 
natural Hermitian metric given by ?7)a(s) = ^{s)*r]{s). Furthermore, 
is a projective A-module, for reasons that we now need to review. 
(See lemma 8.8 of [33].) We will apply Proposition 17.21 which will 
also give us a projection determining S^. So we must find a standard 
module frame for S^. Two elements of suffice, and we will denote 
them by r/i and 772- We assume that w is not connected to the identity 
through invertible elements, since otherwise is easily seen to be 
a free module (lemma 8.5 of pS]). It is reasonable to assume that 
771(0) = 1a- Since rii{s + 1) = wrii{s), we then see that rji must fail 
to be invertible at some point, since otherwise w would be connected 
to the identity. In the absence of any further information about w 
we will assume that 771 actually takes value at some point to. Since 
||?7i(l)|| = ||77i(0)|| = 1, we see that to have a small Lipschitz norm it 
is best if to = 1/2. By the reconstruction property, for any ^ G we 
must have 

2 
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SO that we must have rjirjl + rj2rjl = 1a- It follows that ri2{0) = and 
||?72(1/2)|| = 1. Much as in [37j we will take r]i and 772 of the form 

r]i{s) = Ji{s) cos(7rs), 772(5) = J2{s) sin(7rs) 

where 

Ji(s) = (-w)" for n-1/2 < s < n + 1/2, 
J2is) = (-w)"- hi n < s < n + 1. 

Of course, Ji and J2 are discontinuous, but their discontinuities are 
at the points where cos(7rs) or sin(7rs) takes value 0, and rji and 772 are 
not only continuous, but are actually Lipschitz as functions on M. For 
example, 772 near is given by ri2{s) = h2{t)dt where 



h2it) 



p{s) 



7r(-w*) cos(7rt) for -1 < t < 
TT cos(7rt) for < t < 1 , 

which is the derivative of 772 where the derivative exists. If we let 
7^2 denote this not-everywhere-defined derivative, we see that -^(772) = 
||^2lloo = TT. Similarly L{rii) = ||?7^||oo = tt. Since Jj{s + 1) = —wJj{s) 
while cos(7rs) and sin(7rs) satisfy g{s + 1) = —g{s), we see that rij{s + 
1) = wrjjls), so that rjj G for j = 1,2. Furthermore, we clearly 
have rii7]l + 772772 = ^a, so that {rji, 772} is a standard module frame for 
S^. To express the corresponding projection in M2{A) it is convenient 
to set H = J2 Ji, so that H is the discontinuous periodic function of 
period 1 taking value 1^ for < s < 1/2 and value —w for 1/2 < s < 1. 
Then, for example, (7/2, 7/i)yi(s) = H{s) cos(7rs) sin(7rs). Thus 

cos^(7rs)l^ cos(7rs) sin(7rs)^ 

^if(s) cos(7rs) sin(7rs) sin^(7rs)lA 

We now apply all of this to the case in which B = C(T) and 
w{r) = e{kr) for a fixed k. Then A = C(T^), and p is a continu- 
ous projection- valued function on which is differentiable in r and 
piecewise differentiable in s. Since w{r) = e{kr), we see that H, as 
defined above but now for our special case, is given by 

H{s,r) = 1 for < s < 1/2 and - e{kr) for 1/2 < s < 1 , 

extended with period 1. Thus H is continuously differentiable on 
whenever s ^ Z/2. From this we see that p is continuously differentiable 
on whenever s ^ Z/2. We now make the following observation. Let 
/ be a continuous and continuously piecewise-differentiable function, 
defined on an interval I in M, with values in a Banach space, such 
that at the points of discontinuity of /' the left-hand and right-hand 
limits exist. Then for any s,t G / we have /(t) — /(s) = f'{r)dr 
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in the evident sense, given that /' is not defined at a finite number of 
points. Thus if there is a constant K such that < K when it 

is defined, then L{f) < K . It is easily seen that for any two points 
m, n G the restriction of p to the straight hne-segment joining those 
two points satisfies the conditions on / just stated. On applying the 
above observation and using the periodicity of we see quickly that 
L{j)) < \\Dp\\aQ where Dp denotes the total derivative of defined 
when s ^ Z/2. 

We now express p in terms of a unit vector field u. Most natural 
would be to take u = {(1X2)', where ' denotes transpose. But calcu- 
lations are a bit simpler if we set u{r,s) = {H{r, s) cos{tts), sin('7rs))' 
and check that we still have p = {u,u)q, where, as in our discussion 
of the Mobius bundle, {u, u)Q{r, s) denotes the rank-1 projection along 
the vector u{r, s). Notice that u is not even continuous where s G Z. 
For any X G let Dx denote the directional derivative along X if it 
is defined. Then for s ^ Z/2 we have 

DxP = {u, Dxu)o + {Dxu, u)o. 

Since u ■ u = 1, we have Re((M, Dxu) a) = 0. Thus we need, here and 
later, the following small generalization of Lemma 18. 5[ whose proof is 
obtained by using the techniques of the proof of Proposition 18.21 

Lemma 11.1. Let v and w be vectors in a Hilbert space over M or C, 
with \\v\\ = 1 and Re{{v,w)T-() = 0. Let 

T = {v,w)o + {w,v)o. 
Then \\T\\ = \\w — v{v,w)-}i\\ < \\w\\. 
We thus see that 

II^xpIIoo = \\Dxu - u{u, Dxu)n\\oo < \\Dxu\\oc- 
Now the total derivative, Du, of u, for s ^ Z/2, is 

^(r, s) cos(7rs) — 7rif(r, s) sin(7rs)\ 
vr cos(7rs) J 

This is complex, whereas we need the supremum of HDx^H for X real 
with ||X|| = 1. By splitting Du into its real and imaginary parts it is 
not difficult to see that this supremum is 2TT\k\ for k ^ 0, obtained for 

X = and for s approaching 1 from the left. Thus L{p) < 27i\k\ 

by Lemma [11. II 



Du{r, 
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Let us now obtain a lower bound for L{p). Straightforward calcula- 
tions show that, for the evident abbreviations, 



whose norm is 7i{k'^Xf + For = 1 this has maximum 7i\k 

for k ^ 0. Altogether we thus obtain 



It is no surprise that L{p) increases with \k\, since intuitively the larger 
\k\ is the more rapidly Sj. twists. But further investigation would be 
needed if one wanted to know whether p is a projection for which L{p) 
is minimal among all projections representing H^. In the next section 
we will see what information Chern classes can give about this. 

Let us now apply Theorem 14. 7[ using Notation 14.61 to obtain the 
uniqueness of corresponding bundles on nearby spaces. Let X = 
and let px be the metric defined at the beginning of this section. For 
each G Z let p'' be the projection for defined above. Suppose we 
have a metric space (Y,py) and a metric p on XUY which restricts to 
Px and py, such that dist^(X, F) < e. Let r be given with re < 1/2. 
For each k such that 27r|/c| < r, so that eL{p^) < 1/2, let 11^ denote the 
path component of p'' in V2{X). Let p' be another projection in 11^, 
and let s > r be such that es < 1/2 and there is a path p in 11^ from p'' 
to p' such that for each t there is a G V2{Y) with pt®qt G V2{XUY). 
Then according to Theorem 14.71 for any go and qi G "Pll^) such that 
L{p^ © go) < s and L{p' © gi) < s, and for any 5 with 2es < 5 < 1, 
there is a path p from p^ to p' and a path g from go to gi such that 
L{pt ® qt) < (1 — 5)^^ s for each t. In this controlled sense go and gi 
are equivalent projections corresponding to the equivalent projections 
p*^ and p' . 

In the same way we can apply Theorem 16.61 to obtain the existence 
of vector bundles on nearby spaces, and in fact to lift homotopies. 
Let X and Y be as in the previous paragraph. But now assume that 
e\2r < 1/12. Since A2 < 10/3 by formula (15.31) and the comments 
after Notation 15.41 it suffices to have er < 1/40. As in the previous 
paragraph let 11^ be the path component of p^ in V2{X) for each k 
such that 27r|/c| < r. Set s = X2r{l — 126X2r)~^ . Then for any path p 






n\k\ < L{p) < n2\k 
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in Uk there exists a path q in V^iY) such that LP{pt Q)qt) < s for each 
t. 

12. Chern class estimates for the two-torus 

We now apply Theorem 110.11 to obtain lower bounds for L{p) for p's 
representing the line bundles over discussed in the previous section. 
Thus, in the notation of Section[TO|, we need to calculate cxy (S^), where 
now X and Y are in the commutative Lie algebra of T^. To calculate 
this Chern class we can choose any convenient smooth projection p 
representing S^. We modify slightly our construction above for p so 
as to obtain a p which is smooth. We let <fi and <f>2 be real-valued 
functions in C°°(]R) which are close to cos(7rs) and sin(7rs) respectively, 
and satisfy both ipj{s + l) = —ipj{s) and ipf + ipl = 1, but are such that 
!fi takes value in all of a small neighborhood of 1/2, while (f2 takes 
value in all of a small neighborhood of 0. For Ji and J2 as above for 
our given k, we set r]i{r,s) = Ji{r, s)ipi{s) and rj2{r,s) = J2{r, s)(p2{s)- 
Then rji and 772 are infinitely differentiable, and they form a standard 
module frame for S^. We let p denote the corresponding projection. 



before, we have p = {u, u)o. 

We want to express Cxy(Sfe) in terms of u, and later, of rji and r]2. 
For X G denote derivation in the X direction by dx- Then 



But the r-component of dxu need not be a bounded function on M^, 
since u satisfies u{r, s + 1) = e{kr)u{r, s). We introduce some notation 
to handle this. Set B = C°°(]R^), the algebra of smooth complex- 
valued, possibly unbounded, functions on M. Thus we can view (the 
smooth part of) Sjt as a subspace of B. Clearly u G B^, andp G M2{B). 
Actually much of our calculation below works for any standard module 
frame for whose elements are smooth. Thus we can assume just that 
u G -B" for some n (with entries in S^) so that p G Mn{B). The main 
simplification which we will be using is that we are dealing with a line 
bundle, so that the 5-valued (equivalently A-valued) inner product on 
Sfc is given just by pointwise multiplication. If instead we were dealing 
with the higher-rank (smooth) projective modules 



= {^eB: e(r, s + q) = e{kr)^{r, s), ^{r + l,s) = ^{r, s)} 



for a g > 2, then the inner product would involve a sum over Z/gZ in 
order to make its values periodic of period 1 in the s variable. This 
would complicate matters. Because we are in the line-bundle situation. 



and much as before we define 




Then, as 



dxP = {dxu, u)o + {u, dxu)o. 
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we can identify E = Endyi(Hfc) with A itself, and we have {^,f])E = 
{VjOa = {v^Ob as functions. (Note the reversal of order.) Thus 
the key property of u can be rewritten as {u,u)b = 1- For v,w & 
we let {v,w)q denote the corresponding "rank-1" operator defined 
by {v,w)qX = v{w,x)b for x G -B". Then {v,w)o G M„{B), with 

{{v,w)o)jk = {Wk,Vj)B- 

For any X G we will have the Leibniz rule 

dx{{v,w)o) = {dxv,w)o+ {v,dxw)o, 

and similarly for {v, w) b- We now begin calculating, using strongly the 
line-bundle aspect for u. Note first that 

p{dxu,u)o = {{u,u)odxu,u)o = {u,dxu)B P- 

It follows that 

Pidxp) = p{{dxu, u)o + (m, dxu)o) = (m, dxu)B p + {u, dxu)o- 

Now from p^ = p and the Leibniz rule we have p{dYp)p = 0. Then, 
since {dYp)p is the adjoint of p^dyp), we have for X, F G 

p{dxp){dYp)p = i{u,dxu)B p+ {u,dxu)o){dYp)p 



When we subtract from this the corresponding expression with X and 
Y interchanged, we find that 

p{dx{p)dY{p) - dY{j))dx{p))p = 2i lm{{dxu, dYu)B)p- 

The right-hand side is in M„(A) since the left-hand side is. The 
translation- invariant trace r on M„(y4) is given by taking the ordi- 
nary trace of matrices followed by integration over the fundamental 
domain [0, 1)^ ~ T^. Since p is a rank-1 projection at each point of 
T^, we have r(p) = 1. Thus when we apply the formula for cx,y given 
somewhat before Theorem 110.11 we find that 



(We are using the fact that our Lie algebra is commutative.) 
For our specific u defined in terms of rji and 772 we then find that 



Jt2 

Let us take the particular case in which X = d/dr and Y = d/dg, 
and denote these by di and 82 respectively. Then for j = 1,2 we 



{u, dxu)o{dYp)p = {u, dxu)o{p{dYU, u)b + {Oyu, u)o) 
{{u, dxu)oU, u)o{dYU, u)b + (9xM)o(5yM), m)o 
{{dxu, u)B{dYU, u)b + {dxu, dYu)B)p- 
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have diTjj = {diJj)ipj and d2rij = Jj{d2^j), since Jj is locally constant 
in s and (pj vanishes in a neighborhood of the discontinuities of Jj. 
Examination of the definitions of Ji and J2 shows that 



diJi{r,s) 




for < s < 1/2 
for 1/2 < s < 1, 



while diJ2{r,s) = for < s < 1. Consequently dirj2 = 0, and since 
diTji = {diJijifi while 92?7i = Ji{d2^i), we find that 

cai.c»2(Hfc) = 2i lm{{diJiyipiJi{d2fi))ds 

Jl/2 

= A-Kik [ {l/2)di{<pl)ds = 27rik{^l{l) - v??(l/2)) = 27rik. 

Jl/2 

We assume that L is defined in terms of the standard inner product 
on our Lie algebra M^. Since di and 82 come from elements of our Lie 
algebra that commute and have norm 1, we see from Theorem 110.11 
that L(p) > (7r|/i;|)^/^. From Theorem I3.5[ due to Hanfeng Li, we then 
obtain: 

Proposition 12.1. For every projection p representing 3^ (of any size) 
we have 

Hp) > {7i\k\)'/'. 

This estimate perhaps is not optimal, but it does show that as \k\ 
goes to +00 the lower bound for the i^(p)'s goes to +00, which is 
interesting, and consistent with what we found in the previous section. 

13. Projections for monopole and induced bundles 

In this section we begin to consider the complex line-bundles over 
the 2-sphere S"^, though most of our discussion will take place in more 
general contexts that can be useful in treating other examples, notably 
the coadjoint orbits of compact Lie groups considered in [H], as well 
as instantons [33]. See also section 2 of [50j. The term "monopole bun- 
dles" traditionally refers to the non-trivial complex line-bundles on S*^. 
Our eventual aim is to understand what should be meant by "monopole 
bundles" on spaces close to S'^, in analogy with the non-commutative 
case considered by physicists (for which see the references at the begin- 
ning of the introduction). From the action of SO (3) on we can view 
S"^ as S0{3)/ S0(2). By means of the adjoint representation of SU{2) 
one obtains a 2-sheeted covering of SO {3) by SU{2), and through this 
covering we can also view S"^ as SU{2)/U{1), where U{1) is the diago- 
nal subgroup of SU{2). Set G = SU{2) and H = U{1). We can view 
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H as M/Z, and then for each n ^'Lwe can view the function s i— >■ e{ns) 
as a character of H . With this understanding, we set 

S„ = G C{G) ■ i{xs) = e{ns)^{x) for x G G, s G if}. 

With pointwise operations H„ is clearly a C(G/ii)-module. We will 
see the well-known fact that it is projective, so corresponds to a com- 
plex vector bundle, and in fact to a line-bundle. For n 7^ these are 
the monopole bundles. By definition their "charge" is \n\. Clearly 
S„ is carried into itself by the action of G on functions on G by left 
translation, reflecting the fact that the corresponding vector bundle is 
G-equivariant. 

We seek projections for the H„'s. The feature that we will use to 
obtain projections is the well-known fact that the one-dimensional rep- 
resentations of H occur as subrepresentations of the restrictions to H 
of finite-dimensional unitary representations of G. Since H = U{1) is 
a maximal torus in SU{2), the one- dimensional representations which 
occur on restricting a representation of G are the weights of that rep- 
resentation. We will treat the more general situation in which we have 
some compact group G, a closed subgroup H, a unitary representation 
V of H, and a finite-dimensional unitary representation {U, JC) of G 
whose restriction to H contains as a subrepresentation. Our ap- 
proach generalizes that given by Landi for the case of 2-spheres and 
4-spheres in [211 [22]- (See also appendix A of [3"5j.) 

The above set-up means that there is a subspace, H, of /C that is 
carried into itself by the restriction of U to H, and such that this 
restricted representation of H is equivalent to V. From now on we 
simply let V denote this restricted representation. In the next few 
paragraphs we work with continuous functions, but if G is a Lie group 
then everything has a version involving smooth functions. Set 

Sy = G C{G,n) : ^{xs) = V;{^{x)) for X G G, s G H}. 

Clearly Sy is a module over A = G{G/H) for pointwise operations. 
Also, Sy is clearly carried into itself by the action of G by left trans- 
lation, i.e. Sy is G-equivariant. (The completion of Sy for the inner 
product determined by a G-invariant measure on G/H is the Hilbert 
space for the unitary representation of G induced from the representa- 
tion V of H.) On Sy we define an A- valued inner product by 

{^,v)a{x) = {^{x),r]{x))/c. 

(We take the inner product on /C, and so on H, to be linear in the 
second variable.) 
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We want to show that Sy is a projective A-module, and find a pro- 
jection representing it. Let Q/c = C{G/ H, }C). Then Q/c is a free 
A-module in the evident way. For ^ G Sy set (<l'^)(x) = U^^^x) for 
X G G, and notice that ($^)(xs) = for s G if and x G G, so 

that $^ G l^AC- It is clear that $ is an injective A-module homomor- 
phism from Sy into flic- We show that the range of $ is projective by 
exhibiting the projection onto it from Q/c- When apphed to our earher 
S„ it will give a projection that we can then use in later sections. Let 
P be the projection from K. onto H. Note that UgPU* = P for s E H 
by the invariance of H. Let £ denote the G*-algebra C{G/ H, B{IC)), 
where B{K.) denotes the algebra of operators on /C. In the evident way 
S = End a{^k.) ■ Define p on G by 

pix) = u^pu:, 

and notice that p{xs) = p{x) for s G if and a; G G, so that p G 
S. Clearly p is a projection in S. If ^ G Hy, then = 
UxPUxU*C,{x) = so that $^ is in the range of p. Suppose, 

conversely, that F G Q/c and that F is in the range of p. Set rip{x) = 
U*F{x) = U*p{x)F{x) = PU*F{x). Then the range of r]F is in H, and 
we see easily that rip{xs) = U*rjp{x). Thus rjp G Sy. Furthermore, 
{^rip){x) = F{x). Thus F is in the range of This shows that 
the range of p as a projection on Qjc is exactly the range of $. Thus 
this range, and so Sy, are projective A-modules. Furthermore, p is a 
projection for Sy, so we have attained our goal of finding a projection 
for Sy. 

To express p as an element of Mn{A) for some n we need only choose 
an orthonormal basis, {ej}^^^, for /C, and view it as a basis (so standard 
module frame) for Qjc, and express p in terms of this basis. Further- 
more, if we define rjj on G by rij{x) = PU*ej, then it is easily seen that 
each rjj is in Hy, and that {rjj} is a standard module frame for Sy. The 
basis also gives us an isomorphism of S with M„(y4). 

We remark that there will usually be many representations of G 
whose restriction to H contains \^ as a subrepresentation, and each of 
these representations will give a projection for Hy. From the state- 
ments of our earlier uniqueness and existence theorems we see that it 
is probably best to take n as small as possible, that is, to take /C of as 
small dimension as possible. Also, as we will see in Section [161 there 
may well be projections for Sy of even smaller size that do not come 
from our construction above. 

Finally, we remark that when Ti is one- dimensional, p is very close 
to being a coherent state. See the discussion in section 3 of [38]. 
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14. Metrics on homogeneous spaces 

Homogeneous spaces are quotient spaces, and the metrics that we 
will use on them are quotients of metrics on the big space. For techni- 
cal reasons we will need a strong understanding of the relation between 
a quotient metric and the metric on the big space from which it comes, 
both for ordinary metrics and for Riemannian metrics. The definition 
of (ordinary) quotient metrics is somewhat complicated. A nice ex- 
position is given in |65j, where three equivalent definitions of quotient 
metrics are considered. One of these definitions fits especially well with 
our methods, and it goes as follows. Let {Z, p) be a metric space, and 
let ~ be an equivalence relation on Z. Let A = C{Z), and define a 
closed subalgebra of A by 

A/r^ = {fe C{Z) : f{z) = fiw) if z ~ w}. 

(The functions in C{Z) can be either real- valued or complex- valued.) 
Let be the Lipschitz seminorm on C{Z). Define a pseudometric, p, 
on Z by 

p{z,w) = sup{|/(^) - fiw)\ -.feA/r^ and L'^if) < 1}. 

Note that if z ~ w then p{z, w) = 0. Thus p drops to a pseudometric 
on the quotient space Z/ ~. But even if Z is compact and all the 
equivalence classes are closed (so that Z/ ~ with the quotient topology 
is Hausdorff compact) p may still fail to be a metric, and the quotient 
metric space is obtained by identifying points which are at distance 
for p. However (see 1.16+ of [20]). 

Proposition 14.1. Let {Z,p) be a compact metric space, and let G 
be a compact group with an action a on Z , so that the quotient space 
Z/a is compact and Hausdorff for the quotient topology. If the action 
a is by isometrics, then the corresponding pseudometric, p, on Z/a is 
in fact a metric, giving the quotient topology. Let tt : Z Z/a be the 
quotient map. Then for any f G C{Z/a) we have 

L^{f) = L^{fo7r). 

Proof. Let be the a-orbit of a point z E Z, and define by 
fz{w) = p{w, Oz)i for the evident meaning. Then from the fact that a 
is an action by isometries it is easily seen that fz is a-invariant and so 
constant on orbits. Furthermore it separates Oz from any other orbit, 
and LP{fz) < 1. From this it follows easily that p is a metric which 
gives the quotient topology. By composing with vr it is natural to view 
C{Z/a) as a (closed *-) subalgebra of C{Z), and then it consists of 
all of the functions in C{Z) which are constant on all orbits. For any 
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z 1^ Z and any / G C(Z/a) we have /(7r(2)) = /(Cz), and from this it 
follows readily that Lp(j) = LP{f on). □ 

By applying linear functionals we quickly obtain: 

Corollary 14.2. Let {Z,p), a, and {X/a,p) be as above. For any 
Banach space V and any function F from X/ a to V we have 

U{F) = LP{Fott). 

We now consider homogeneous spaces and Riemannian metrics. Let 
G be a compact connected semisimple Lie group, with Lie algebra 
0. On Q we choose an Ad-invariant inner product, for example the 
negative of the Killing form. We denote this inner product by (■, ■)g. 
By translation this inner product defines a bi-invariant Riemannian 
metric on G, with corresponding ordinary metric p. 

Let V be a Banach space, over M or C, and let F be a smooth 
function from G into V. Let DF denote the total derivative of F for 
left translation, so that at each point x G G we can view D^F as a 
real-linear operator from g into V, defined by 

{D,F){X) = {d/dt)\t=oF{exp{-tX)x). 

Simple arguments similar to those given in the proofs of theorem 3.1 
of [H] and lemma 3.1 of |16] show that 

LP{F) = \\DF\\^ = sup{||D,F|| : X G G}, 

where on g we use the norm from its inner product. (Our Proposi- 
tion [23] is also helpful here.) Similar considerations appeared already 
early in Section [TTJ 

Suppose now that if is a closed subgroup of G, with Lie algebra 
P) C 0. Let G/H be the corresponding homogeneous space. We can 
view functions in G{G/H) as if-invariant functions on G. Now G/H 
inherits a structure of differentiable manifold [6lj and we need to relate 
the tangent space at points of G/H to those at points of G. For this 
it is convenient to use an explicit description of the projective module 
of smooth cross-sections of the tangent bundle of G/H, along the lines 
given in [5^ \W[ HI EU] • This fits very well into the approach we have 
given earlier concerning projective modules for vector bundles. Con- 
siderable guidance in treating the tangent bundle of G/H can also be 
found, for example, in the proof of proposition 3.16 of ^ and its sur- 
rounding discussion. (A substantial part of our discussion can easily 
be generalized to the more general setting of chapter 3 of [9] , but that 
would take us beyond compact groups and spaces.) 

We begin by letting m denote the orthogonal complement to f) in q. 
Then m is invariant under Ad^ for s G if , and m can be identified with 
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the tangent space at eH e G/H. At xH each element of Adx{i)) acts 
as the zero derivation, and the tangent space at xH can be identified 
with Ad^(m). But one must be careful with this, since the function 
Adxs{y) for y G m will not in general be constant in s, hence the 
specific identification of Ada;(m) with the tangent space at xH depends 
on the choice of the coset representative x. This can be handled by the 
following description of the module T{G/H) of smooth cross-sections 
of the tangent bundle oi G/H: 

Proposition 14.3. The cross-section module T{G/H) has a natural 

realization as 

{Z e C°°{G, g) : Z{x) E Ad^(m) and Z{xs) = Z{x) forxeG,se H). 

Given F G C°°{G/H, V) for some Banach space V, the action of Z E 
T{G/H) on F is given by 

{ZF){x) = {d/dt)\t=QF{e^^{-tZ{x))x). 

Equivalently, the cross-section module could he given by 

{W G C°°(G', m) : W{xs) = Ad-;\W{x)) for allxeG,se H}, 

with the action ofW on F given by 

{WF){x) = {d/dt)\t=oF{xeM-tZ{x))). 

Proof. It is clear that T{G/H) is a C^(G/i?)-module for pointwise 

operations. Let Q denote the orthogonal projection of g onto m. Then 
QAds = AdsQ for each s E H. Each X E q determines an element X 
of T (G/H), defined by 

X{x) = Ad,(g(Ad,-iX)) 

for X E G. Note that there may well be points x where Ad,,.-iX G f), so 
that X{x) = 0. (We are feeling the effect here of the fact that G/H may 
well not be parallehzable.) However, we see that for any X G Ada;(m) 
we have X[x) = X . so that the evaluations at x of elements of T{G/H) 
fill the whole tangent space at xH. From this and the fact that T{G/ H) 
is a C^(G/i7)-module it follows that T{G/H) does represent the full 
space of smooth cross-sections of the tangent bundle for G/H. 
When we use the fact that 

exp((Z(y))x = xexp(Ad;^(Z(y)) 

we obtain the second description of the cross-section module. □ 

We will use the first description olT{G/ H) given by the above propo- 
sition. We define a (7^(6*/ if) -valued inner product on T{G/H) by 

{Z,W)g/h{x)^{Z{x),W{x)),. 
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Calculations very similar to those in the previous section show that if 
{Xj} is an orthonormal basis for q, then {Xj} is a standard module 
frame for T{G/H). (Here, of course, we are working over R.) Further- 
more, the C^(G/if )-valued inner product gives the Riemannian metric 
on G/H which is induced from that on G as discussed in chapter 3 of 
[9]. 

The Riemannian metric on G/H will define an ordinary metric p on 
G/H. Given a smooth function F on G/H with values in some Banach 
space, its Lipschitz constant, L^{F), for the ordinary metric p on G/H 
is defined. But, for the kinds of reasons discussed above for p, we also 
have 

LP{F) = sup{||ZF||oo : Z E T{G/H) and {Z,Z)g/h < !}• 

However, we can also view F as a function on G, and calculate its 
Lipschitz constant Lp{F) there. As seen above, we have 

= sup{||XF|U : X G g, ||X|| < 1}, 

where the elements of q are viewed as right-invariant vector fields. The 
relation that we need for later calculations is: 

Proposition 14.4. Let F G C'^{G/H,V) for some Banach space V, 
and view F also as a function on G. Then 

LP{F) = sup{||XF|U : X G 0, ||X|| < 1}. 
Consequently L^{F) = L'^{F), and p is the quotient metric from p. 

Proof. Let Z G T{G/H) with {Z,Z)g/h < 1, so that \\Z^\\ < 1 for 
all X E G. From Proposition 114.31 we see that ||(ZF)(a;)|| = 
and from this it is evident that L^{F) < Lp{F). On the other hand, 
let a; G G be given, and let X G Ada;(m) with ||X|| < 1. Define 
X G T{G/H) as done earlier, and recall that X{x) = X. It follows 
that J|XF||oo > \\iXF){x)\\. Notice from the definition of X that 
{X,X)g/h < 1- It now follows that Lp{F) < Lp{F), so that they are 
equal. If we apply this for F G G^{G/ H), we see that p is the quotient 
of p. □ 

15. Lipschitz constants of induced bundles 

We now combine the results of Sections[T3]and[T3]to obtain a formula 
for the Lipschitz constants of the projections obtained in Section [T3l 
when our setting is compact semisimple Lie groups as in Section \\M 
Thus we let G, g, if, etc., be as in Section [HI and we now assume 
that we have a unitary representation (f/, /C) of G and an if-invariant 
subspace of /C, with the restriction oiU to H and Ti denoted by V . 
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As before we let p{x) = UxPU*, where P is the orthogonal projection 
of /C onto Ti. Now finite- dimensional representations of a Lie group 
are smooth, and so p is a smooth function. We let Dp denote its total 
derivative. From the previous section we see that L{p) = ||Dj9||oo- Now 
a simple calculation shows that for any x G G and X G 5 we have 

(Dpy^ix) = [u^pu:, Ux] 

where Ux refers to the infinitesimal version of U as a representation of 
on /C. Then 

\\iDpUX)\\ = \\U,[P,U:UxUx]U:\\ = ||[P,f/Ad^_,(x)]||. 

Since we have chosen the inner product on q so that it is preserved by 
Ad, it follows that 

||(Z}p).||=sup{||[P,f/x]||:||X||,<l}. 

Since the right-hand side is independent of x, we see that it also equals 
1 1 Dp 1 1 00 • But each Ux is skew adjoint, and so 

[P, Ux] = PUx - UxP = PUx + {PUxY = 2Re{PUx). 
When we combine this with Proposition 114.41 we obtain: 

Proposition 15.1. With notation as above, 

Lg/h{p) = \\Dp\U = 2sup{||Re(Pf/x)|| : X G g, ||X|| < 1}, 

where Lq/h denotes the Lipschitz seminorm for the metric p on G/H. 

Suppose now that our representation of if is one-dimensional, so 
that Hy is the space of cross-sections for a line bundle. Let vq be 
a unit vector in the Hilbert subspace C /C for y, so that P = 
{vo,Vo)o, the rank-1 operator determined by Vq. Notice that since Ux 
is a skew-adjoint operator, Re((wo, ?7x'^^o)w) = 0. Then on combining 
Proposition 115. ll with Lemma [11.11 we obtain: 

Proposition 15.2. With notation as at the beginning of this section, 
but with Ti of dimension 1, spanned by the unit-vector vq, we have 

LG/H{p) = snp{\\{I-P)UxVo\\:X ee, ||X|| < 1}. 

For use in the next section we also need to consider tensor powers 
of one-dimensional representations. For (f/, /C), wq, {V,TC), P and p 
as above and for a given n let /C®" be the n-fold full tensor power of 
/C, with f/*^" the corresponding representation of G. Let Vq be the 
n-fold tensor power of vq, and let /C„ be the G-invariant subspace of 
/C®" generated by Vq. Let Pn be the projection of /C„ onto the one- 
dimensional subspace, 7i„, spanned by Vq, which is if- invariant. Let 
[/^") be the restriction of U^"" to /C„, and let V^" be the restriction of 
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" to a representation of H on Hn- Finally, let p„ G C{G/H, i?(/C„)) 
be defined by Pn{x) = Ux^^ Pn{Ux^^)* , so that we are in a version of the 
setting discussed above. Then 

L{pn) = snp{\\{I-Pn)UPv^\\ :XG0, < 1}. 

But 

U^Vq = [UxVo] ®Vo---®Vo + Vq® (UxVo) ®Vo...Vo + ... 

so that 

{vlU^v^) = n{vo,UxVo). 
Let = UxVo ~ vo{vo, UxVo)h- T^Gia 

U^v^ - v^{v^,UPv^) = UPv^-nv^{vo,UxVo)n 

= Wx ® Vq ® ■ ■ ■ ® Vq + Vq® Wx ^Vq^-'-^Vq + ... 

Thus, since wx-Lvq, we find that 

mPv^ - vS{v-,uPvS)r = n{wx,wx). 
Combining this with Lemma 111.11 we obtain: 

Proposition 15.3. With notation as above, 

16. The sphere, SU{2), and monopole and induced bundles 

To treat the two-sphere 5*^ we view it as G/H where G = SU{2) 

aud i/ . the diagonal subgroup ('W = °) , as discussed 

at the beginning of Section [131 For each n G Z we consider the rep- 
resentation t I— i> e{nt) of H = M/Z, and the corresponding induced 
A-module where A = C7(S'^). We begin by considering the case 
n = 1. The corresponding representation occurs in the restriction to 
H of the standard representation of SU{2) on C^. As vq we can take 

the lowest-weight vector . Then the projection onto its span is 

P = . For the corresponding projection pi in M2{A) we have, 

by Proposition 115. 2[ 

= sup{||(/ - P)UxVo\\ : X G g, ||X|| < 1}. 



A general element of g = su{2) will be of the form X 
where r G M and w G C. Then ||(/ — P)UxVo\\ = 



ir —w 
w —ir 



-w 




\w\. We 
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choose our normalization of the Ad-invariant inner product on 5^(2) 
to be {X,Y)g = 2^^tr(XF*), so that for X as above we have ||X|| = 
(r^ + For this choice we see that L(pi) < 1. But one choice of 

A-isC; -;). and from thi= choice we see that L{pi) = 1. If instead 

we had chosen as Vq the highest-weight vector , we would be dealing 

with the case n = —1, and so All of the above discussion applies 
with almost no change to this case too. We have thus obtained: 

Proposition 16.1. Let p be the projection in M2{C°° {S"^)) constructed 
above for either of the monopole bundles Hi and H_i. For the Riemann- 
ian metric on coming from the choice of normalization of the inner 
product on su{2) made above, we have L{p) = 1. 

Let us now apply the results of Sections H] and [61 We could do 
this in the same way as we did near the end of Section [11] for the 
two torus. But for the sake of variety, let us take a slightly different 
approach, involving specific choices of numbers, and more focused on 
our monopole projection above while less focused on homotopies. So 
let denote our projection above for Hi or H_i. For the moment let 
us denote by X and let px be its round metric corresponding to our 
choice above of an Ad-invariant inner product on su{2). 

Choose e < 1/60, so that UeXiL^p^) < 2/3, since A2 < 10/3 by 
equation 15.31 Let {Y, py) be another compact metric space, and sup- 
pose that we have a metric p on XUY that restricts to px and py, and 
for which dist^(X, F) < e. Then according to Corollary 16.31 there is a 
projection qi G M2{C(Y)) such that 

L{p,®qi) < X2L{p,){l - (2/3))-^ < (10/3)(3/l) = 10. 

Then eL{p^, (B qi) < 1/6 < 1/2, and so from Theorem 14.51 we find that 
if go is any other projection in M2(C(F)) such that © go) < 10 
then there is a path g of projections in M2{C{Y)) going from go to gi 
such that 

Hp, © qt) < (1 - 20/Q0)-H0 = 15. 

In particular go and gi (and all the g^'s) will determine isomorphic vec- 
tor bundles on Y, and so it is reasonable to consider the corresponding 
isomorphism class of bundles on Y to be the "monopole" bundle on Y 
for the given proximity of Y to X, although the statement in terms of 
projections is more precise. 

We now consider H„ for \n\ > 2. We carry out the discussion for n > 
2, but a very parallel discussion works for n < —2. We seek to apply 
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Proposition 115. 3[ Let Vq = E = H, and let U be the standard 

representation of SU (2) on /C = as above. Form f/®" and /C®" as 
done before Proposition 115.31 and then form Vq, Tin and [/^"^ Because 
Vq is a lowest weight vector, it is not difficult to see that f/(") on /C„ IS 
the {n + l)-dimensional irreducible representation of SU (2) and that 
Vq is a lowest-weight vector for it. (See for example proposition VII. 2 
of [57] for a more general context.) We clearly have Us"''vq = e{ns)v'Q 
for s E H, so the restriction of U^^^ to H and to the one-dimensional 
subspace, TCn, spanned by Vq is the representation of H which defines 
En- Thus if, as before, we let P„ denote the projection from /C„ onto 
Tin, and if we set Pn{x) = Ux"''' Pn{Ux"^ )* , then pn is a projection in 
C{G / H,B{JCn)) which represents From Proposition 115.31 applied 
also for n < —2 (and also from Proposition 116. ll for n = ±1, and for 
Pq a constant projection for the free rank-1 projective module Sq over 
G/H), we obtain: 

Theorem 16.2. For any n E Z and for the projection Pn defined above 
for En we have 



L{pn) = \n 



1/2 



We notice however that since /C„ has dimension |?t,| + 1, the standard 
module frame for S„ corresponding to p„ and a basis for will have 
|?T,| + 1 elements. This corresponds to the fact that in the present setting 
En is embedded in a free module of rank |?t,| + 1. But any complex 
line-bundle on a compact space of dimension 2 can be obtained as a 
summand of a rank-2 trivial bundle. (See, for example, proposition 1.1 
and theorem 1.5 of chapter 8 of [21].) So we should be able to obtain 
En as a summand of a free module of rank 2, with a frame consisting 
of just two elements and a corresponding projection in M2{A). We can 
indeed do this, as follows. 

Fix n, and let Ci and (2 be the functions on SU (2) defined by Cii^) = 
Zi and C2{x) = ^2 respectively when n > 0, and by their complex 

conjugates when n < 0, where much as before x = l^^ with 



^Z2 Zi ^ 

kiP + = 1- It is clear that C^i and C2 are in S„. From now on we 
assume that > 0, but entirely parallel considerations apply for n < 0. 
Let /i e A be defined by h{x) = d-^ip" + 1^2^'')"^''^, and set r]j = Qh 
for j = 1,2, so that (771,771) a + (772,772)/! = 1- Since S„ corresponds to 
a line bundle, EndA(S„) = A, and so this last relation is basically the 
reconstruction formula of Definition 17. 1[ Thus {771,772} is a standard 
module frame for En, and this frame provides a projection, p, in M2{A) 
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for 



En. Specifically, pjk = {r]j,Vk)A = VjVk, so that 



for j, k 



1,2. If we define u on SU{2) by u{x) = h{x) 




then 



p{x) = {u{x),u{x))o, the rank-1 operator on /C = determined by 
the unit- vector u{x). (Recall that we take the inner product on /C to 
be linear in the second variable.) Note that u is not constant on cosets 
of H, but that p is. 

We can now try to calculate the Lipschitz constant of p, first as 
a function on G and then on G/H by using Proposition 114.41 much as 
before. It is clear that p and u are smooth. Thus we can use derivatives 
to calculate L{p). The advantage of working on G is that while u is 
not a function on G/H, we can make use of its derivatives on G to 
calculate those of p. 

Suppose now that u is any smooth function from G into a Hilbert 
space K. such that {u{x) , u{x)) jc = 1 for all x, and define p by p{x) = 
{u{x), u{x))o- Then for any X E Q and s G G we have, much as earlier. 



Because each u{x) is a unit-vector we see that Iie{{{Xu){x),u{x))fc) = 
0. For any fixed x E G we can then apply Lemma 111.11 to conclude 
that 



\\iXp)ix)\\ = \\{Xu){x)-uix){u{x),{Xu)ix))\\ = ||(Jc-p(x))((X..)(x))||. 



Consequently, much as just after Lemma [11.11 we obtain: 

Proposition 16.3. Let u be a smooth function from G to a Hilbert 
space /C such that {u{x),u{x))k, = 1 for all x E G. Let p be defined by 
p{x) = {u{x),u{x))q. Then 



When the dimension of /C is 2, the projection Ijc — p{x) will be of 
rank 1, and so is given by a unit vector, v{x), orthogonal to u{x). Then 



For u{x) = h{x){(i{x), C2{x))' as before, where the prime denotes trans- 
pose, we can choose v{x) to be defined by v{x) = h{x){C2{x), — 
Now 



{Xp){x) = {{Xu){x),u{x))o+ {u{x),{Xu){x))o. 



L{p) = sup{||(/^ -p(x))((Xn)(x))|| -.xeG, \\X\\ < 1}. 



\\{iK-p{xm{xu){xm = u 

= \\v{x){v{x), {Xu){x))ic 



{v{x),v{x))o{{Xu){x))\\ 
a = \{v{x),{Xu){x))d 



iXu){x) = {Xh){x)u{x){h{x))-' + /i(x)((XCi)(x),(XC2)(x))', 
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SO that, since v{x)-Lu{x), 

{v{x),{Xu){x))^ = {vix),h{x){{X(^){x),{XC,)ix)y),c 

= /i2(x)(C2(a;)(XCi)(x) - Ci(a:)(XC2)(a;)). 

Since Ci and (2 are defined for all {zi, Z2) G C^, and as functions on G 
they are determined by the first column of x, we can calculate {XC^j){x) 
by means of the straight-line path I—tX instead of the path exp(— tX), 

for t G M. For X = \ ^ | as before, 
yw —ir J 

Ci((/ - tX)x) = + t{irz, + WZ2)T. 

Taking the derivative at t = 0, we obtain 

{X(i){x) = nz^'^{irzi + WZ2). 

In the same way 

(XC2)(x) = -nz2~^{wzi + irz2). 

Thus 

{v{x),{Xu){x)),c = h\x)n{ir2z'lz^ + wz^+^z"^-^ + wz^+^z^-^). 

To obtain a lower bound for L{p) we evaluate the absolute value of this 
expression at x^ = (2~^/^, 2~^/^) and with r = 1, w = 0. We obtain n. 
Thus L{p) > n. On the other hand, just taking absolute values, and 
using the fact that \zi\^ + |z2p = 1, we find that for all a; G G 

\{v{x), {Xu){x))k\ < nh''{x){r2\z^Z2[' + \w\\z^Z2\^-^) . 

The maximum of the right-hand side for + \ w\^ = 1 is 

nh\x){A\ziZ2\^'' + \z,Z2\^^''-'^y/\ 

Again using | p + 1 2:2 p = 1 we see easily that the maximum value of 
h'^{x) is 2"~^ while the maximum value of \ziZ2\ is 1/2, and from this 
we obtain L(p) < n\pl. We summarize our findings with: 

Proposition 16.4. Foru defined by u{x) = h{x){z'^, Z2 )' forn > 0, or 
u{x) = h{x){zi, ^2)' for n < 0, and forp the corresponding projection- 
valued function, we have 

\n\ < L{p) < \n\V2. 

It is interesting to notice that as soon as \n\ > 2 the Lipschitz con- 
stant for these projections, coming from standard module frames with 
only two elements, is strictly larger, and more rapidly increasing with 
n, then the projections considered in Theorem 116. 2[ which come from 
standard module frames with n + 1 elements. It is reasonable to guess 
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that these projections have minimal Lipschitz constant for their two 
situations, but I have not examined this matter. 

The resuhs of Sections H] and [6] can now be apphed in the same way 
as discussed early in this section for the particular case of \n\ = 1. 

17. Appendix A: Path-length spaces 

The purpose of this appendix is to prove: 

Proposition 17.1. Let {X,p) be a compact metric space which is a 
path-length space, and let Ti he a real Hilbert space. Let u : X ^ 7i 
be a continuous function such that = 1 for all x E X, and 

define the projection-valued function p by p{x) = {u{x), u{x))o. Then 
L{p) = L{u). 

Proof. Let v and w E TC with ||t>|| = 1 = and {v, w)'n > 0. Since 
H is over M, 

{v, w)n = l-{l/2)\\v-wf, 
so that from Proposition 18.21 

\\{v, v)o-{w, w)o\\ = ||i;-w||(l-(l/4)||i;-^f)i/2. 

Thus, since u is uniformly continuous, given any £ > we can find 
6 > small enough that whenever p{x,y) < 6 then \\u{x) — u{y)\\ < 
(1 + — p{y)\\ < (1 + e)L{p)p{x,y). Thus we need the following 

lemma, which is essentially known — see l.Sbis of [20j. 

Lemma 17.2. Let {X,p) be a path-length metric space, let B be a 
Banach space, and let f be a B -valued function on X . Suppose that 
there are constants K and c? > such that for any x,y E X with 
p{x,y) < d we have \\f{x) — f{y)\\ < Kp{x,y). Then L^{f) < K. 

Proof. Let x,y E X and e > be given, with e < d. Let 7 be a 
path in X from x io y, with domain / = [0, t*], whose length is 
< (1 + e/ K)p{x, y). Then 7 is uniformly continuous, so there is a 5 > 
such that if s, t G / with \s — t\ < 5 then p(7(s), 7(t)) < e < d. Choose 
{tjj^Q in I such that to = 0, tm = t^, tj^i > tj, and \tj+i — tj\ < 6 
for all j. Then 

m—l 

\\f{y) - fm < E - fiiim 

j=0 

< ^5Zp(7(t,+i), lit,)) 

< K{l + e/K)p{x, y) = {K + e)p{y, x). 
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Since e is arbitrary, we obtain — < Kp{x,y), as desired. 

(Actually, we only need that B he a. metric space for the above proof 
to work.) □ 

□ 

The above proposition and lemma are false if the path-length as- 
sumption is omitted. An example pertinent to our earlier construc- 
tions of vector bundles can be produced as follows. In consider an 
equilateral triangle with base the unit interval / = [0, 1] on the x-axis 
of R^. Let X be obtained from the triangle by removing a very small 
open ball about the vertex opposite to /. Thus X is homeomorphic 
to a closed interval. Let p be the restriction to X of the Euclidean 
metric on M^, rather than the evident path-length metric on X. Let 
u : X ^ R"^ he defined by u{t,0) = (cos(7rt), sin(7rt)) on /, and by 
taking u to be continuous and constant on each of the two "legs" of 
X. Thus on one leg u has value (1,0) while on the other it has value 
(—1,0). Since the two end-points of X are very close together, L^i^u) 
is very large. But one can find a very small d for which the hypotheses 
of the lemma are satisfied with a smallish K. On the other hand, when 
we set p{x) = (m(x), u{x))o, then p has the same value on the two legs 
of X, and L{p) < L{u). 
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